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Abstract. The problem of the existence of non-medial distributive hamiltonian 
quasigroups is solved. Translating this problem first to commutative Moufang loops 
with operators, then to ternary algebras and, finally, to cocyclic modules over 
x~^, (1 — it is shown that every non-medial distributive hamiltonian quasi- 
group has at least 729 elements and that there are just two isomorphism classes of 
such quasigroups of the least cardinality. The quasigroups representing these two 
classes are anti-isomorphic. 



0. Introduction 

The first explicit allusion to the left and right instances of selfdistributivity (i.e., 
{x{yz) — {xy){xz) and {xy)z — {xz){yz)) seems to appear in [39] where one can 
read the following comment: "These are other cases of the distributive principle. 
. . . These formulae, which have hitherto escaped notice, are not without interest. " 
Another early work [43] already contains a particular example of a (self )distributive 
quasigroup: 

' 1 2 



2 1 
2 1 

1 2 



This quasigroup is necessarily non-associative and plays a principal role in the 
structure theory of distributive (or, more generally, trimedial) quasigroups (see e.g. 
[2], [3], [5], [6], [19], [35] and [48]). 

The first article fully devoted to selfdistributivity is (perhaps) [11] (see also 
[49] and [32]) where, among others, normal subquasigroups are studied and an 
attempt is made to show that every minimal subquasigroup of a (finite) distributive 
quasigroup is normal (see also [15]). Actually, the latter assertion is not true. All 
non-medial symmetric distributive quasigroups (alias non-desarguesian planarily 
affine triple systems) serve as counterexamples and first constructions of these can 
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be found in [9] and [17]. However, the paper [11] may be regarded as the starting 
point for the investigation of normahty problems in distributive quasigroups. 

Hamiltonian groups (i.e., (non-commutative) groups having only normal sub- 
groups) were described (and named after W. R. Hamilton) by R. Dedekind in [13] 
and it was shown in [38] that a similar description takes place for hamiltonian 
Moufang loops, too. Furthermore, all subquasigroups of medial quasigroups (i.e., 
quasigroups satisfying the identity {xy){uv) — {xu){yv)) are normal. That is, these 
quasigroups are hamiltonian. (Notice that abelian groups are included in hamil- 
tonian structures in this paper - not usual, but technically advantageous.) 

A thorough treatment (remarkable also for epic width) on cancellative distribu- 
tive groupoids was written by J. -P. Soublin ([48]). Section IV. 9 of [48] is de- 
voted to normal subquasigroups of distributive quasigroups and, among others, it 
is shown that every hamiltonian symmetric (i.e., satisfying the identities xy — yx 
and x{xy) — y) distributive quasigroup is medial. Moreover, an open problem 
whether there exist non-medial hamiltonian distributive quasigroups is formulated 
([48], p. 175). The main aim of the present paper is to solve this problem. 

In [42], it is claimed that every hamiltonian quasigroup which is either dis- 
tributive or a Cil-quasigroup (i.e., a symmetric quasigroup satisfying the identity 
{xx){yz) — {xy){xz)), is medial. The proof is based on the idea that if H is 
a subloop of a commutative Moufang loop G and the subloop generated by H and 
the centre of G is normal then H is normal. However, this assertion is false, any 
non-associative commutative Moufang loop nilpotent of class 2 serving as an easy 
counterexample (in this case, every subloop containing the centre is normal and G 
contains a non- normal subloop). Moreover, 3.2 and 8.9 are examples of non-medial 
hamiltonian distributive or CiJ-quasigroups, respectively. 

A possible way how to construct non- medial hamiltonian distributive quasigroups 
is suggested in [22] , but the paper is almost unreadable and much more has to be 
done. However, the basic idea is working, and the problem is transferred, step by 
step, first to commutative Moufang loops with operators, then to certain ternary 
algebras and, finally, to some cocyclic modules. Actually, the problem of finding 
non-medial hamiltonian distributive; quasigroups is equivalent to the construction of 
(finite) cocyclic modules over the ring Z[x,x~^, {l—x)~^] that cannot be generated 
by less than three elements. We recall that a cocyclic module is contained in the 
injective hull of its simple essential socle, so a good understanding of the injective 
hull of simple modules and its submodules is necessary to solve the problem. 

After [37], [30] and [16], if i? is a commutative noetherian ring then the struc- 
ture of some of the indecomposable injective modules over R[x], and hence over 
a localization of R[x], can be described in terms of modules of divided powers over 
the indecomposable injectives of R. This is the case for the injective hull of the 
simple modules over the ring R[x] = Z[a;]. Since the indecomposable injective mod- 
ules over Z are also well known, a detailed study of the modules of divided powers 
and some of their finite submodules gives us the desired examples of cocyclic mod- 
ules, which, after the proper translation, allows us to construct our examples of 
non-medial hamiltonian distributive quasigroups in a completely explicit way. 

Modules of divided powers, also called Macaulay modules, were first known in 
[33] and, as mentioned before, they are important in connection to the description 
of injective modules. If K is any field and K{x) is the field of fractions of K[x] then 
M = K{x)/K[x](^x) is an indecomposable injective module with simple essential 
socle K. Note that M has {a;~" -|-ii'[a;](^)}„£N as JC-basis. The modules of divided 
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powers can be seen as an abstraction of the structure of M to the general setting 
of modules over a polynomial ring. 

The following text is divided into Sections 1 - 12. Basic notions are introduced 
in Section 1. Section 2 is devoted to normal subquasigroups and Section 3 contains 
two examples, the second one being (in view of 12.8) the solution of our problem 
(it could be interesting to show the required properties of this example directly, 
probably using a computer). In Sections 4 and 5, some basic properties of com- 
mutative Moufang loops and quasimodules (i.e., commutative Moufang loops with 
operators) are investigated. Section 6 deals with ternary representations of quasi- 
modules. Section 7 is devoted to the connection between hamiltonian quasimodules 
and certain cocyclic modules. In Sections 8 and 9, (hamiltonian) trimedial and dis- 
tributive quasigroups, respectively, are studied and a transfer to quasimodules is 
presented. Sections 10 and 11 are devoted to modules of divided powers. In Section 
12, a synthesis of the preceding parts is made. The initial problem is solved, but 
a complete description of non-medial hamiltonian distributive quasigroups is far 
from being finished. 

1. Preliminaries 

1.1 (Quasigroups) A non-empty set Q equipped with a binary operation is said 
to be a quasigroup if for all a,b € Q there exist uniquely determined x,y G Q such 
that ax = b = ya. A quasigroup with a neutral element (a unit) is a loop. 

A quasigroup Q is called 

- medial if {ax){yb) = {ay){xb) for all a,b,x,y G Q; 

- trimedial if every subquasigroup of Q generated by at most three elements 

is medial; 

- left (right) distributive if x{ab) = {xa){xb) {{ab)x = {ax){bx) ) for all 
a,b,x G Q; 

- distributive if Q is both left and right distributive; 

- symmetric if ax = xa and x{xa) = a for all a,x G Q; 

- a CH-quasigroup if Q is symmetric and {xx){ab) = {xa){xb) for all 
a,b,x G Q. 

Every distributive quasigroup is idempotent and trimedial ([2]). Every CH- 
quasigroup is trimedial ([35]). A reader is referred to [2], [3], [11], [12], [15], [18], 
[35], [40], [48], [49] for many useful prerequisites concerning (distributive, medial, 
etc.) quasigroups. 

1.2 (Commutative Moufang loops) Let Q be a loop satisfying the equation 
(xx){ab) = {xa){xb). Substituting a = 1q, we get {xx)b = x{xb) and, setting 
6 = 1q, we get {xx)a = {xa)x. Now, if a = 6, then x{xa) = {xa)x and it follows 
easily that Q is commutative. Such a loop Q is called a commutative Moufang 
loop. All the details concerning commutative Moufang loops needed in the sequel 
may be found in [10]. 

1.3 (Rings and modules) In what follows, R stands for a (non-trivial) commuta- 
tive and associative noetherian ring with unit and modules are unitary R modules 
with scalars written on the left. Furthermore, we assume that there exists a (ring) 
homomorphism ^ of R onto the three-element field Z3 = {0, 1, 2} of integers mod- 
ulo 3 and we put I = Ker(*). Clearly, I is a maximal ideal of R and the simple 
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(three-element) factormodule rR/I will be denoted by P. As concerns various fur- 
ther pieces of information on general rings and modules, a reader is referred to [1], 
[8] and [50] and to [36] for more specific information on the commutative noetherian 
setting. A very nice reference for injective modules is the book [44]. The injective 
modules we study are, in fact, artinian; for some of the results on artinian modules 
over commutative ring we need the reference [14] . 

1.4 (Quasimodules) By a quasimodule we mean a commutative Moufang loop 

Q{+) (usually denoted additivcly with neutral clement 0) together with a scalar 
multiplication R x Q — > Q such that the usual unitary R-modules equations are 
satisfied (i.e., r{x + y) = rx + ry, (r + s)x = rx + sx, {rs)x = r{sx), Ix = x and 
Ox = for all r, s G R and x,y E Q) and, moreover, rx + {y + z) = {rx + y) + z 
for all r € I and x,y,z £ Q. The quasimodule Q is said to be primitive if IQ = 0. 
Obviously, if Q is primitive then every subloop of Q{+) is a subquasimodule. See 
[21], [22], [25], [26], [28] and [29] for more on quasimodules. 

1.5 (Ternary algebras) By a ternary algebra wc mean a module rv4 together with 
a trilinear mapping r : A'-^^ — > A such that the following equations are satisfied: 



(TO) It = ; 

(Tl) T{x,x,y)=0; 

(T2) T{T{x,y,z),u,v) =0; 

(T3) r{u,v,T{x,y,z))=0. 



li A = A{+, rx, t) is a ternary algebra then we put 

f{x, y, z) = t{x, y, z) + T{y, z, x) + t{z, x, y) 
for all x,y, z G A. Further, 

An {a) = {a € A \ T{a, x, y) = t{x, y,a) = for all x,y € A} . 
2. Normal subquasigroups 

An equivalence r defined on a quasigroup Q is said to be a normal congruence 
of Q if the following three conditions are satisfied for all a, b,c,d G Q: 

(CI) (a, b) e r and (c, d) e r ^ {ac, bd) £ r ; 

(C2) (a, b) e r and (ac, bd) e r ^ (c, d) £ r ; 

(C3) (c, d) er and (ac, bd) e r ^ {a, b) £ r . 

(Note that both (C2) and (C3) follow from (CI) for a finite Q.) 

2.1 Lemma. Let a subquasigroup P of a quasigroup Q be a block (or a class) of a 
normal congruence r of Q. Then: 

(i) Every block of r is equal to a left coset aP for sorn,e a £ Q. 

(ii) Every block of r is equal to a right coset Pb for some b £ Q. 

(iii) (c, d) £r^cP = dP^Pc= Pd. 

Proof. Well known and easy. □ 

Now, a subquasigroup P is said to be normal in Q if P is a block of some normal 
congruence r of Q; then, due to 2.1, r is uniquely determined by P. 
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2.2 Lemma. A subquasigroup P of a left distributive quasigroup Q is normal if 

and only if the following condition is satisfied: 

(C4) If a, b,x,y, z ^ Q are such that {xa){yb) = z{ab) and if any two of the elements 
X, y, z are in P then the remaining one is in P. 

Proof. Assume first that P is a block of a normal congruence r of Q. If x.y G P 
then {xb,yb) G r, {{xa){xb), {xa){yb)) G r and, since {xa){xb) = x{ab), wc get 
{x{ab), z{ab)) G r. Now, {x,z) G r by (C3) and consequently z £ P. The other 
cases arc similar. 

Now, assume that (C4) is true and define a binary relation r on Q by (a, 6) G r <^=> 
Pa — Pb. If (a, 5) G r, (c, rf) G r and x G P then x{ac) = (xa){xc) = {yb){zd) = 
w{bd) for suitable x,y,z G P and w ^ Q. Using (C4), wc get w E P and the 
inclusion Pac C Pbd follows. Quite similarly, Pbd C Pac and hence (ac, bd) G r 
and (CI) is verified. The conditions (C2) and (C3) may be checked in a similar 
way. Thus r is a normal congruence and P is among the blocks of r due to the 
definition of r and the fact that P is a subquasigroup of Q. □ 

2.3 Lemma. Let P be a subquasigroup of a left distributive quasigroup Q. Then: 

(i) P-abCPa-Pb and \P\ < \Pa ■ Pb\ < jPp for all a,b€Q. 

(ii) // P is finite then P is normal in Q if and only if \P\ = \Pa ■ Pb\ for all 
a,b e Q. 

Proof, (i) For every x & P, x ■ ab = xa ■ xb G Pa ■ Pb. 
(ii) Combine (i) and 2.2. □ 

A quasigroup Q is called simple if Q is non-trivial and idq, Q x Q are the only 
normal congruences of Q. 

A quasigroup Q is called hamiltonian if every subquasigroup is normal in Q. 
Clearly, the class of hamiltonian quasigroups is closed under taking subquasigroups 
and factorquasigroups. Hamiltonian groups serve as first examples of hamiltonian 
quasigroups and the next basic result is almost immediate (as in the subcase of 
abelian groups). 

2.4 Proposition. Every medial quasigroup is hamiltonian. 

Proof. If P is a subquasigroup of a medial quasigroup Q then we define a relation 
r on Q by (a, 6) G r <^ Pa = Pb. Using the medial law, it is straightforward and 
easy to show that r is a normal congruence of Q and P is one of the blocks. □ 

2.5 Remark, (i) Because of technical reasons, we prefer to include abelian groups 
into the class of hamiltonian groups. 

(ii) Hamiltonian loops were studied in [38] (see also [10]). 

(iii) Quasigroups linear over abelian groups (see [23] , [24] ) are hamiltonian and play 
the role of abelian groups among hamiltonian quasigroups. 

2.6 Proposition. Let Q be a left distributive quasigroup and let a G Q be any 
element. The following conditions are equivalent: 

(i) For every x G Q, x ^ a, the subquasigroup generated by the elements a, x is 
normal in Q. 

(ii) Every two-generated subquasigroup is normal in Q. 

(iii) Q is hamiltonian. 
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Proof, (i) (ii). Let u,v G Q, u ^ v, and P = {u.v). Since Q is a quasigroup, 
there exist b,x € Q such that ba = u and bx = v. Then a ^ x and S = {a,x) 
is a normal subquasigroup of Q by (i). On the other hand, the left translation 
Lt : y 1-^ by is an automorphism of Q and hence P = Lh{S) is normal in Q, too. 

(ii) ^ (iii). We are going to check the condition (C4) for a subquasigroup P of 
Q (see 2.2). Let a,b,x,y,z G Q he such that {xa){yb) = z{ab) and x,y € P (the 
other two cases are similar). If Pi — {x,y) then Pi C P and Pi is either trivial or 
two-generated. Thus Pi is normal in Q, z G Pi by (C4) for Pi and, finally, z G P. 

(iii) ^ (i). This implication is trivial. □ 

2.7 Corollary. Let Q be a finite distributive quasigroup and let a G Q. Then Q is 
hamiltonian if and only if |(a;,a)| = \ {x,a)ai ■ (a;, a)6i| for all x,ai,bi € Q, x ^ a, 
ai^bi. □ 

3. Two EXAMPLES 

3.1 ([9], [17]) Put Pi = Z3 X Z3 X Z3 X Zs and define an operation A on Vi by 

aAb= (2a(0) + 26(0) + a(l)a(3)6(2) + 2a(2)a(3)6(l) + 2o(l)6(2)6(3) 
+ a(2)6(l)6(3), 2a(l) + 26(1), 2a(2) + 26(2), 2a(3) + 26(3)) 

for all a = (a(0), a(l), a(2), a(3)) e Vi and 6 = (6(0), 6(1), 6(2), 6(3)) e I>i. One 
may check easily that Pi (A) is a symmetric distributive quasigroup (and hence a 
CiJ-quasigroup) of order 81. On the other hand, if a; = (0, 0, 0, 0), y = (0, 1, 0, 0), 
u = (0, 0, 1, 0) and v = (0, 0, 0, 1) then 

{xAy)A{uAv) = (1, 1, 1, 1) (2, 1, 1, 1) = {x Au) A {y Av) , 

and so X>i(A) is not medial. 

Furthermore, V = {(0, 0, 0, 0), (0, 0, 0, 1), (0, 0, 0, 2)} is a three element subquasi- 
group of I>i(A) and the set {V A (0,0,1,0)) A (P A (0,1,0,0)) contains just 9 
elements. In view of 2.7, V is not normal in I?i(A). 

3.2 Put T>2 = Z27 X Zg X Z3 and define an operation y on V2 by 

a V ^ = (26a(0) + 3a(l) + 26(0) + 246(1) + 18a(0)a(2)6(l) + 9a(0)6(l)6(2) 

+ 18a(l)6(0)6(2) + 9a(l)a(2)6(0), 8a(l) + 3a(2) + 26(1) + 66(2), 2a(2) + 26(2)) 

for all a = (a(0), a(l), a(2)) e D2 and 6 = (6(0), 6(1), 6(2)) G V2. Again, a tedious 
but straightforward calculation shows that V2 is a distributive quasigroup of order 
729 and I>2 is not medial, since 

{x\/y)s7 {u\7v) = (7, 5, 1) 7^ (25, 5, 1) = {x sj u) y {y \/ v) , 

where a; = (0, 0, 0), y = (1, 0, 0), u = (0,1,0), v = (0, 0, 1). Finally, using 2.6 with 
a = (0, 0, 0) and 2.2 or 2.7, one may also (at least in principle) show that P2(v) is 
hamiltonian. Nevertheless, this property is a consequence of 12.8. 
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4. Commutative Moufang loops 

Let Q = Q{+) be a commutative Moufang loop, the operation being denoted 
additively. The set 

Z{Q) = {a&Q\{a + x)+y = a+{x + y)iovB\\x,yeQ} 

is a normal subloop of Q, called the centre of Q. The loop Q is said to be nilpotent 
of class at most if it is trivial, of class at most 1 if it is an (abelian) group 
and of class at most n > 2 if the factorloop Q/Z{Q) is nilpotent of class at most 
n—1. Further, Q is nilpotent of class n if it nilpotent of class at most n and is not 
nilpotent of class at most n—1. The smallest normal subloop P of Q such that 
the corresponding factorloop Q/P is associative is called the associator subloop of 
Q and is denoted by P = A{Q) in the sequel. For all a,b,c G Q, the element 
[a, b,c] = ((a + 6) + c) — (a + (6 + c)) is called the associator of a, b, c. Clearly, A{Q) 
is just the subloop generated by all associators. 

4.1 Proposition. ([10]) (i) Both A{Q) and Q/Z{Q) are 3-elementary loops (i.e., 
they satisfy the equation 3a; = 0). 

(ii) Q is diassociative (i.e., any two elements generate a subgroup). 

(iii) Ifa,b,c£ Q are such that a+{b+c) = {a + b) + c then these elements generate 
a subgroup. 

(iv) // Q is generated by n>2 elements then it is nilpotent of class at most n—1. 

(v) Q is locally nilpotent. 

(vi) // Q is simple then it is an abelian group of finite prime order. 

(vii) IfQ is finite and not associative then the order of Q is divisible by 81. □ 

4.2 Remark. It is proven in [4], [34] and [45] that the free commutative Moufang 
loop of rank n > 2 is nilpotent of class n — 1. 

A transformation / of Q is said to be central (more precisely, n-central) if there 
exists n e Z such that f{x) +nx & Z{Q) for every x & Q. 

4.3 Lemma. ([29]) Let f be a transformation of Q. Then: 

(i) // TO, fc 6 Z, < m < 2 and n = 3fc + m then f is n-central if and only if it 
is m-central. 

(ii) // Q is non-associative and f is central then there is just one r S Z such that 
< r < 2 and f is r-central. □ 

4.4 Lemma. ([29]) Let f and g be endomorphisms of Q such that f and g are 
m-central and n-central, respectively. Then: 

(i) fg is {—mn) -central. 

(ii) f + g is an {m + n) -central endomorphism. 

(iii) /// is an automorphism then f~^ is m-central. □ 

4.5 Remark. Assume that Q is not associative. By 4.3 and 4.4, the set Cend{Q) 
of central endomorphisms of Q is an associative ring with unit and, for every / £ 
Cend{Q), there is a uniquely determined ^(/) € Z3 such that / is (— <?(/))-central. 
Now, the mapping # : Cend((5) ^ Z3 is a projective ring homomorphism and 
Ker(^) = {/|/(Q)CZ(Q)}. 
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5. QUASIMODULES 

Throughout this section, let Q be a quasimodule, the underlying commutative 
Moufang loop of Q being denoted by A subquasimodule P of Q is normal 

if P is a block of a congruence of Q. If Q is finitely generated then gen((5) is the 
smallest number of generators of Q. 

5.1 Proposition. ([21]) (i) A subquasimodule P of Q is normal if and only if 
P(+) is a normal subloop of Q{+). 

(ii) A(Q) is a normal primitive subquasimodule of Q and Q/A{Q) is a module. 

(iii) Z((3) is a norrn,al subrn,odule of Q and Q/Z{Q) is a primitive quasimodule. 

(iv) If P is a subquasimodule of Q such that either A{Q) C P or P C Z{Q) then 
P is a normal subquasimodule of Q. 

(v) For all x,y G Q, the set Rx + Ry is a submodule of Q and it is just the 
subquasimodule generated by x,y. 

(vi) If a + {b + c) = {a + b) + c for some a,b,c e Q then the subquasimodule 
generated by these elements is a submodule. 

(vii) If Q is simple (i.e., if Q ^ Q and 0,Q are the only normal subquasimodules 
of Q) then Q is a module (and hence Q,Q are the only submodules of Q). □ 

A preradical g (for the category of quasimodules) is a subfunctor of the identity 
functor, i.e., g assigns to each quasimodule Q its subquasimodule g{Q) in such a 
way that f{e{Q)) C g{P) whenever P is a quasimodule and / : Q ^ P is a ho- 
momorphism. Obviously, g{Q) is a normal subquasimodule of Q. A preradical g is 
said to be iereditary if g{P) = Pr\g{Q) for every quasimodule Q and its subquasi- 
module P, and it is said to be a radical if g{Q/g{Q)) = for every quasimodule 
Q. 

Let g be a preradical. For every quasimodule Q and evcrv ordinal a we put 
Og(Q) = 0, = Q{QrQ{Q)), ''eiQ) = U/3<a ^e(Q) for a limit, and 

diQ) = U °'q{Q)- Then "p, p are preradicals which are hereditary if g is hereditary, 
and ^is the least radical containing g (see [21]). 

Let K(<5) denote the greatest primitive subquasimodule of Q and S(Q) = Soc(Q) 
the socle of Q (i.e., the subquasimodule generated by all minimal submodules). 
Then we have A{Q) C K((5) C S{Q). Moreover, both K and S are hereditary 
preradicals for the category of quasimodules. Now, K and S will denote the smallest 
hereditary radical containing K and S, respectively. 

5.2 Lemma. Let P be a subquasimodule of Q. Then: 

(i) 7/PnZ(Q) = i/ienPCK(Q). 

(ii) If P is cyclic and P fl Z(0) = then either P = or P ~ P. 

(iii) If P ^ Q is normal and cyclic then P fl Z(<5) 7^ and, moreover, if P is 
simple then P C Z{Q). 

Proof, (i) P is isomorphic to a subquasimodule of Q/Z{Q), and hence P is primitive 
by 5.1 (iii). 

(ii) By (i), P is a cyclic K-torsion module. 

(iii) Assume on the contrary that P fl Z(Q) = 0. By (ii), P contains just three 

elements, so that P = {0,o, — o}, a ^ 0. Now, for x.y G Q, put z = [x^y,a\ = 
{{x + y) + a) — {x + [y + a)). Since P is normal in Q, we have z G P. If 2; = a then 
{x+y)+a = {x+{y+a))+a, x+y = x+{y+a), y = y+a and a = 0, a contradiction. 
U z = -a then x + {y + a) = {{x + y) + a) + a = {x + y) + 2a = {x + a) + {y + a), 
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X ~ x + a and = 0, again a contradiction. Thus z = and {x + y)+a = x+{y + a). 
This means a G Z((5), a final contradiction. □ 

5.3 Lemma. ([25]) Assume that Q is not associative and gen{Q) = 3. Then: 

(i) A(Q) ~ P and Q/Z(Q) P(3). 

(ii) If P is a proper suhquasimodule of Q with Z{Q) C P then P is a module. 

(iii) If P is a non-associative suhquasimodule of Q then A{Q) C P and P is 
normal in Q. 

(iv) // Q is K-torsion then every proper suhquasimodule of Q is a module. □ 

The quasimodule Q is said to be nilpotent of class at most n > if so is the 
underlying commutative Moufang loop Q{+). 

5.4 Proposition. ([21]) Assume that Q is finitely generated. Then: 

(i) If gen{Q) = n>2 then Q is nilpotent of class at most n — 1. 

(ii) Q is noetherian (i.e., every suhquasimodule of Q is finitely generated). □ 

5.5 Lemma. Assume that Q is suhdirectly irreducihle and nilpotent of class 2. 
Then A{Q) ~ P and every proper factorquasimodule of Q is a module. 

Proof. Since ^ A(Q) C Z((5), A((5) is a subdirectly irreducible primitive module 
and consequently A{Q) P. □ 

5.6 Proposition. Assume that Q is K-torsion and not associative. The following 

conditions are equivalent: 

(i) Q is suhdirectly irreducihle and gen((5) = 3. 

(ii) Every proper factorquasimodule as well as every proper suhquasimodule of 
Q is a module. 

Proof, (i) ^ (ii). By 5.4(i), Q is nilpotent of class 2 and we can use 5.5 and 5.3(iv). 
(ii) => (i). Since Q is not associative, wc have {a + b) + c a + (b + c) for some 
a,b,c € Q and it is clear that Q is generated by these elements. Thus gen((5) = 3. 
The fact that Q is subdirectly irreducible is also clear. □ 

5.7 Lemma. Assume that Q is finitely generated and let P be a (proper) maximal 
suhquasimodule of Q. Then P is normal in Q. 

Proof. We shall proceed by induction on the nilpotence class n of Q (see 5.4(i)). 
First, the result is clear for n < 1 and if Z((5) C P then P/'L{Q) is normal in 
Q/Z{Q) by induction. Thus P is normal in Q in this case and we may assume that 
Z(Q) ^ P. But then Q = P + Z{Q) and it is easy to check directly that P is normal 
in g. □ 

If Q is finitely generated then 3{Q) will denote the intersection of all maximal 

submodules of Q. 

5.8 Proposition. Assume that Q is finitely generated. Then: 

(i) J(Q) is a normal suhquasimodule of Q and A{Q) C J(<5)- 
(n) gen(Q) = gen{Q/J{Q)) = gen(Q/A(Q)). 

(iii) IfQ is K-torsion then Q/J{Q) is primitive and \Q/J{Q)\ = 3s™('3). 
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Proof. By 5.7 and 5.1(vii), J(Q) is a normal subquasimodulc and A{Q) C 3{Q). 
The inequalities n = gen{Q) > gcn{Q/A{Q)) > gen{Q/J{Q)) are clear. Now, let N 
be a generator set of Q, \N\ — n, and let M be a subset of Q such that Q/J{Q) is 
generated by M/3{Q). We claim that Q is generated by M. 

Assume the contrary and consider a subset Ni of N maximal with respect to the 
property that Q is not generated by MU A^i. Then Ni ^ N and we take v S N\Ni. 
Further, consider a subquasimodulc V oi Q maximal with respect to M U A^i CV 
and V ^V. It is easy to see that is a maximal subquasimodulc of Q, and hence 
J(Q) C V and V = Q, a contradiction. 

We have shown that M generates Q and it follows easily that gen{Q/J{Q)) = 
gen(O). 

Now, finally, assume that Q is K-torsion. Then every simple factor of Q is a copy 
of P and Q/J{Q) is a primitive module which is a direct sum of n copies of P. □ 

5.9 Lemma. If Q is finitely generated and K-torsion then IQ C J{Q) n Z((5) and 
gen(g)=gen(Q/IQ). 

Proof Use 5.8. □ 

5.10 Lemma. Assume that Q is a primitive quasimodule nilpotent of class at most 

2 with gen(O) = n. Then \Q\ < 3"+", where m= Q. 

Proof. As Q/A{Q) is a primitive module, its additive group is 3-elementary and 
every its subgroup is a submodule. By 5.8(ii), gen{Q/A{Q)) = n, and consequently 
|Q/A(0)| = 3". If n < 2 then A(Q) = 0. Now, let n > 3, M = {ai,...,a„} 
be a generating set oi Q, N = { [ai,aj,ak] \ l<i<j<k< n}, and P be 
the subquasimodulc generated by N. Then, Q being nilpotent of class at most 2, 
P Q A(Q) C Z{Q) and P is a normal subquasimodulc of Q by 5.1(iv). Denote by 
/ the natural projection of Q onto Q/P. Then K = {/(ai), . . . , /(a„)} generates 
Q/P, x+{y + z) = {x + y) + zfov all x,y,z € K and Q/P is associative by 5.1(vi). 
Thus A(Q) = P, gen(A(Q)) <\N\=m and \A{Q)\ < 3™, since A(Q) is a primitive 
module, too. □ 

5.11 Lemma. Let P be a minimal submodule of Q, a,b € Q, A = P + {a + b) and 
B={P + a) + {P + b). Then: 

(i) ACB. 

(ii) If P is normal in Q then A = B. 

(iii) If P is not isomorphic to P then A = B. 

(iv) IfA^B then P ~ P, \A\ = 3 and \B\ = 9. 

Proof. We may assume that P is not normal m Q, A ^ B and Q is generated by 
PU{a, 6}. By 5.2(ii) and 5.4(i), P ~ P and Q is nilpotent of class 2. Consequently, 
\A\ = 3 and 3 < |P| < 9. Now, let {x + a) + {y + h) = {u + a) + {v + b) for some 
x,y,u,v G P, X ^ u, y ^ V. Then we have a+ {r + b) = {{x + a) + {y + b)) —2x = 
{(u + a) + {v + b)) — 2x = {a + s) + {b + t), where r = y — x,s = u — x,t~v — x,r^t, 
s ^ (the subquasimodules (P, a) and (P, b) are at most two-generated, and hence 
they are associative). Furthermore, A{Q) C Z{Q), and therefore {a + b) + r + a = 
a+ {r + h) = {a + s) + {b + t) = (a + b) + (s + t) + (3 for some a, f3 e 1{Q). Then 
a + r = /3 + (s + t), a — /JePn Z(Q) — (since P is minimal and not normal 
in Q), a = p and r = s + t. Thus a + (6 + r) = (a + s) + (6 + 1), where r = s + t 
and s ^ 0. If r = then {a + b) + 2s= {{a + s) + {b- s)) +2s = {a + 2s) + b and 
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Q = {a, b, 2s) is associative, a contradiction. Similarly if t = 0. Finally, ii r ^ ^ t 
then t — s and a + {b + r) = {a + b) + 2s = {a + b) + r, again a contradiction. □ 

5.12 Remark. Let P be a minimal submodule of Q. Then, for every a G Q, 
the subquasimodule (P, a) is at most two-generated, and so it is a submodule and 
P+{P+a) = P+a. By 5.11, Pis normal in Q if and only if |P|-|(P+a)+(P+6)| ^27 
for all a,b & Q. 

6. Ternary representations of 
quasimodules nilpotent of class at most 2 

Throughout this section, the word quasimodule always means quasimodule nilpo- 

tcnt of class at most 2. 

6.1 Proposition. Let A = A{+, rx, r) be a ternary algebra. Then q(A) = ^(®, rx) 
is a quasimodule, where the underlying commutative Moufang loop is defined by 

X ®y = X + y + t{x, y,x -y) 

for all x,y G A. Moreover, Z{A{®)) = {a & A\ T{a, x,y) = for all x,y G A} and 
A{A{®)) is the subloop generated 6ylm(r). 

Proof. Clearly, is the neutral element of A{®) and x®y = x + y + t{x, y, x) + 
T{y, x,y) = y®x. Further, {x®x)®{y®z) = 2x + y + z + t{x, y, x) + t{x, y, y) + 
r(x, z, x)+t{x, z, z)+T{y, z, y)+T{z, y, z)+t{x, y, z)+t{x, z, y) = {x®y)®{x®z) for 
six x,y, z £ A. lfx®y = x®z then y + t(x, y, x) + T(y, x,y) = v = z + t{x, z, x) + 
t{z,x,z), and hence T{x,y,x) = t{x,v,x) = t(x,z,x), T{y,x,y) — t{v,x,v) = 
t{x, z, x) and y = z. Finally, if z = y — x + t{x, y, x) + t{x, y, y) then x®z = y. We 
have checked that A{®) is a commutative Moufang loop. The opposite (or inverse) 
element to x is —x and x Q y = x ® (—y) = x — y + T{y, x, x) + T(y, x, y). Now, 
for all a,x,y e A, we have [a, x, y] = ((a ® x) ® y) Q {a ® {x ® y)) = T{a, x, y). 
Consequently, Z(A(®)) = {a | r(a, x, y) = 0} and it is clear that lA C Z{A{®)). 

For every r G R, r"^ — r e I, and hence r{x ® y) = rx + ry + rT{x, y,x — y) = 
rx + ry + r^T{x, y,x — y) = rx ® ry. Similarly, (r + s)x = rx + sx = rx + 
sx + T{rx, sx, rx — sx) = rx ® sx and we see that A(®, rx) is a quasimodule. It 
remains to show that this quasimodule is nilpotent of class at most 2. However, 
{{x ® y) ® z) Q {x ® {y ® z)) e Z{A{®)) for all x,y,z e A and the rest is clear. □ 

Quasimodules q(A), A being a ternary algebra, will be said to have ternary 
representation. Now, we arc going to show that every free quasimodule of finite 
rank has a ternary representation. 

6.2 Let n > 2, m = (^), g = n + m, and P = P„ = R(") x P^'"). Then P 
is an R-module and the elements ai = (1, 0, . . . ,0), . . . , Oq = (0, ...,0, 1) form 

a canonical set M of generators of P. Let K be the set of ordered triples k), 
i<i<j<k<n, and let f : K ^ {l,...,m} be a bijection. Now, define 
a mapping a : M^^) ^ P by a{ai,aj,ak) = a.a+f(a), a{aj,ai,ak) = 2a„+f(a) for 
every a — (i, j,k) £ K and a{ai ,aj,ak) =0 for every triple {i,j, k) such that neither 
{i,j,k) nor {j,i,k) is in K. Then this mapping a can be extended (in a unique 
way) to a trilinear mapping r : P^^^ F and P = P(+, rx, r) becomes a ternary 
algebra. Now, consider the corresponding quasimodule q(P) = F{®,rx) (see 6.1). 
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6.2.1 Proposition. q{F) is a free quasimodule and the set N — {ai,...,a„} is 
a free basis of q{F). Moreover, A{F{®)) = p(™), Z(i^(®)) = I^") x P^'") and 
Ii^ = l("). 

Proof. We have {{ai®aj)®ak)Q{ai®{aj®ak)) = a„+/(a) for every a = k) € K. 
Consequently, the quasimodule q{F) is generated by N. The equalities A{F{®)) = 
■p{m)^ Z(F(®)) = X P^™) and IF = are also easy to check. It remains to 
show that q(-F) is free over A''. 

Now, let E = E{®, rx) be the free quasimodule over N and let tt : E — > q(-F) 
be the (unique) projective quasimodule homomorphism such that n \ N = idjv- 
Then 7r(A(F)) = A(q(F)), tt{1E) = IF and tt induces projective homomorphisms 
ip : E/A{E) -> q(F)/A(q(F)) and : E /IE q(F)/IF such that ipX = qtt and 
V'/i — VT^, where X,g, 1.1,1/ arc the corresponding natural projections. Moreover, 
ipX{N) = gTr{N) = g{N) is a free basis of the free module q(Fj/A(q(F)), \X{N)\ = 
[i^A(A^)| = |^?(A^)| = |A^| = n and we conclude that is an isomorphism and 
Kcr(7r) C Kcr(A) = A(F). On the other hand, |q(F)/IF| = 3'' and E /IE is a free 
primitive quasimodule of rank n. By 5.10, |F/IF| < 3'', and therefore "0 is also an 
isomorphism and Ker(7r) C Kcr(^) = IF. We have shown that Ker(7r) C A(F)nIF 
and to finish the proof it sufiices to check that A(F) n IF = 0. 

First, take a E IE. Since IF C Z(F) and iV is a free basis of F, we have 
a = ritti ® . . .® rnUn for some ri, . . . , r„ e R. Now, if a € A(F) then = A(a) = 
riA(ai) ® . . . ® r„A(a„). But F/A(F) is a free module over {A(ai), . . . , A(a„)}, and 
hence ri = • • • = r„ = and a = 0. □ 

6.2.2 Lemma, r \ Z x F x F = t \ F x Z x F = t \ F x F x Z = Q, where 
Z = Z(F(®)). 

Proof. Obvious. □ 

6.2.3 Corollary. Every suhmodule of Z{F{®)) is an ideal of the ternary algebra 

F. □ 

6.3 Proposition. Every finite K-torsion quasimodule has ternary representation. 

Proof. Let Q = Q{®, rx) be a finite K-torsion quasimodule which is not a module. 
Then n = gen{Q) > 3 and there exists a projective homomorphism tt : q(F) Q as 
it follows from 6.2.1; put G = Ker(7r) ® IF. Then G is a normal subquasimodule of 

q(F) and y:>{G) is a normal subquasimodule of H = q(F)/IF, ip : q(F) H being 
the natural projection. Moreover, Hi = H/(p{G) ~ Q/IQ and, by 5.8 and 5.9, n = 
gen{Q/IQ) = gcn(iJi) = gen(iJi/A(_ffi)). Consequently, Hi/A{Hi) is a primitive 
module of dimension n and \Hi/ A{Hi)\ — 3". Since Hi/A{Hi) ~ H/L, where 
L = ip{G) ® A(iJ), we have also \H/L\ ^ 3". On the other hand, \H/A{H)\ = 3", 
A{H) = L, ip{G) C A{H) and Ker(7r) C A(q(F)) ® IF = Z(q(F)) (see 6.2.1). Now, 
by 6.2.3, Kcr(7r) is an ideal of the ternary algebra F and it suffices to consider the 
corresponding factoralgebra. □ 

6.4 Remark. Using primary decompositions (and filtered products), one may show 
that every finite S-torsion quasimodule has ternary representation (and that every 
S-torsion quasimodule is imbeddable into a quasimodule with ternary representa- 
tion). 
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7. HAMILTONIAN QUASIMODULES 

A quasimodule Q is said to be hamiltonian if every subquasimodule is normal in 
Q. Clearly, every module is hamiltonian and the class of hamiltonian quasimodules 
is closed under subquasimodules and factorquasimodules. 

A quasimodule Q is said to be cocyclic if S{Q) is a non-zero essential simple 
submodule of Q. 

7.1 Proposition. Let Q be a cocyclic quasimodule. Then: 

(i) Q is subdirectly irreducible, hamiltonian and nilpotent of class at most 2. 

(ii) If Q is non-associative then A{Q) = S{Q) ~ P and every proper factorquasi- 
module of Q is a module. 

Proof. Clearly, S(Q) is the smallest non-zero normal subquasimodule, and hence 
Q is subdirectly irreducible. Now, we may assume that Q is not associative. Then 
HQ) Q S(Q) implies A(Q) = S(Q) ~ P and A(Q) C Z(Q) (see 5.2(iii) and 5.5). 
Thus Q is hamiltonian and nilpotent of class at most 2. □ 

7.2 Lemma. If Q is a non-associative hamiltonian quasimodule then A{Q) C 
K(g) C S(Q) C Z{Q). 

Proof Use 5.2(iii). □ 

7.3 Corollary. Every hamiltonian primitive quasimodule is a module. □ 

7.4 Proposition. A non-zero quasimodule is cocylic if and only if it is hamiltonian 
and subdirectly irreducible. 

Proof Use 7.1. □ 

7.5 Proposition. Let Q be a nan associative cocyclic quasimodule. Then Q is 
K-torsion. Moreover, if Q is finitely generated then it is finite and \Q\ = 3" for 
some n > 4. 

Proof. By 7.1, P ~ A((5) = S{Q) C Z{Q). Since R is a commutative noetherian 
ring, every hereditary radical (for R-Mod) is stable, and hence, in particular, Z{Q) 
is K-torsion. On the other hand, the factor Q/Z{Q) is primitive, thus being K- 
torsion. Consequently, Q is K-torsion. 

Now, assume that Q is finitely generated. By 5.4(ii), Q is a noetherian quasi- 
module, Q has a finite K-sequence and we may restrict ourselves to the case when 
Q is K-torsion. Then both Z{Q) and Q/Z{Q) are noetherian primitive modules, 
thus being finite direct sums of copies of P and the rest is clear. □ 

7.6 Proposition. Let Q be a non-associative hamiltonian quasimodule. Then 

there exist a subquasimodule Qi of Q and a (normal) subquasimodule Q2 of Qi such 
that the factor Qs = Q1/Q2 is non-associative, cocyclic, K-torsion, gen{Q^) = 3 
and \Qz\ = 3"" for some n > 4. 

Proof. Since Q is not associative, there is a non-associative subquasimodule Qi of 
Q such that gen(Qi) = 3. Further, there is a subquasimodule Q2 of Qi such that 
Qz = Q1/Q2 is subdirectly irreducible and non-associative. Now, gen{Qi) = 3 and 
Qs is cocyclic by 7.4. □ 
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7.7 Theorem. A finite quasimodule Q is non-associative and cocyelie if and only 
if there exists a ternary algebra A such that Q = q(A) (see 6.1), r ^ and the 
underlying module A' = A{+,rx) is cocyelie (in this case, A' is K-torsion and 
gen{A') > 3). 

Proof. Assume first that Q is botli non-associative and cocyelie. By 7.1 and 7.5, 
Q is K-torsion and nilpotent of class 2. By 6.3, Q has a ternary representation 
Q = c[{A). Now, the quasimodule q{A) and the module A' have the same cyclic 
submodules and it follows easily that A' is cocyelie and K-torsion,. Further, by 
6.1, we have t 7^ and one may check easily that then gen (A') > 3. 

Now, the converse implication. Again, since (i{A) and A' have the same cyclic 
submodules, q{A) is cocyelie. Finally, since r ^ 0, the quasimodule q{A) is non- 
associative. □ 

7.8 Theorem. There exists a non-associative hamiltonian quasimodule if and only 
if there exists a finite cocyelie K-torsion module M such that gen(M) > 3. 

Proof. The direct implication follows from 7.6 and 7.7 and we have to show the 
converse one. To that purpose, we may assume that gcn(M) = 3. Further, con- 
sider the ternary algebra F = Fs constructed in 6.2 and the corresponding free 
quasimodule q{F). Let D be a submodule of rE = Rai + Ra2 + Ras = R^^^ C F 
such that E/B ~ rM. Since M is K-torsion, we have J(M) = {IE + B)/B, 
and therefore M/J(M) ~ E/(IE + B). Since M is finite and gen(M) = 3, 
we have gen(A'//J(M)) — 3, and consequently E/{IE + _B) is a K-torsion mod- 
ule of dimension 3 and, in particular, \E/{IE + B)\ = 27. On the other hand, 
IE = Ifli + laa + I03 and \E/IE\ = 27, too. Thus B CIE and, since E/IE is not 
cocyelie, we have B ^lE and ^/B ~ P for a submodule A of IE, B C A C IE. 
Now, fix an epimorphism (p : A ^ P, Kcr{(p) = B, and define a subset F of F by 
X = a;2, 3:3, a;4) GVii and only if f{x) = {xi,X2,X3,0) € A and (fi{f{x)) = X4. 
Then F is a submodule of IE + Ra^ and, since Ia4 = 0, we have u ® v = u + v 
for all u,v & V. Consequently, F is a subquasimodule of q(-F) and it is easy to 
check that V is a normal subquasimodule. We denote by Q the corresponding fac- 
torquasimodule; clearly \Q\ — 3\M\. Since V fl Ra4 = 0, the quasimodule Q is not 
associative. Furthermore, P = (Ra4 -|- V)/V ~ P is a normal simple submodule 
of Q and Q/P q(F)/(Ra4 -|- V^) is a module. Consequently, P = A{Q) and, in 
order to show that Q is hamiltonian, it is sufficient to check that P is contained in 
every non-zero cyclic submodule of Q or, equivalently, that 04 e Ra; -|- V for every 
x€F\V. 

Let X = {xi,X2,X3,X4) € F \V and y = f{x) = {xi,X2,x^,Q). Since x ^ 
V , we have cither y G A and (p{y) ^ X4, 01 y ^ A. In the former case, z = 
{xi,X2,X3,(p{y)) €V,0^x — z & Ra4, 04 = r{x — z) for some r e R and 
aiGKx + V. 

Assume that y ^ A. Since M is finite and K-torsion, there is to > 1 with 
r^y C B and V^'^y <^ B. If m = 1 then y + Be K(M) = A/B and y e A, 
a contradiction. Hence m > 2 and sy ^ B for some s G T^~^. Now, sy € A and 
sx = (sxi, 5X2, 5x3, 0). Finally, z — {sxi, 3x2, 8X3, Lp{sy)) £ V and z = sx + v, 
V = (0, 0, 0, (p(st/)) e Ra4. Thus v € Rx -|- V and, since f ^ 0, we conclude that 
ai^Kx + V. □ 

7.9 Remark. If R is a principal ideal domain then all finitely generated cocyelie 
modules are cyclic, and hence every hamiltonian (R-)quasimodule is a module. 
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7.10 Remark. According to [20], [25] and [31], there exists a finite (non-asso- 
ciative) subdirectly irreducible primitive quasimodule of order n > 1 if and only if 
n = S"* for m > 1, m 7^ 2, 3, 5 (m > 4, m 7^ 5). 

8. TRIMEDIAL QUASIGROUPS 

Recall that by a trimedial quasigroup we mean a quasigroup Q such that every 
subquasigroup P generated by at most three elements is medial (i.e., P satisfies 
{ax){yb) = {ay){xb) identically). We denote by T the variety (or equational class) of 
trimedial quasigroups and by that of pointed trimedial quasigroups {T^ contains 
just ordered pairs {Q, a), where Q gT and a G Q). 

The following basic result is proven in [22] (see also [19]). 

8.1 Proposition. The following conditions are equivalent for a quasigroup Q: 

(i) Q G T. 

(ii) There exist a commutative Moufang loop Q{+) (defined on the same un- 
derlying set as Q), commuting 1-central automorphisms f,g of Q{+) and 
a central element a G Z{Q{+)) such that xy = f{x) + g{y) + a for all 
x,y e Q. □ 

In this case, Q is medial iff Q{+) is associative. 

The ordered quadruple {Q{+), f, g, a) will be called an arithmetical form of the 
trimedial quasigroup Q. Notice also that Q is medial if and only if Q{+) is an 
abclian group. 

8.2 Lemma. ([22], 3.2, 3.3) Let Q eT. Then: 

(i) For every w £ Q there exists an arithmetical form {Q{+), f,g,a) of Q such 
that w — is the neutral element of the loop Q{+) (then a = ivw). 

(ii) If {Q{+), f, g, a) and Q{*),p, q,b) are arithmetical forms of Q such that the 
loops Q{+) and Q{*) possess the same neutral element then Q{+) = Q{*), 
f = p, g = q and a = b. □ 

8.3 Lemma. ([22], 3.4) Let Q{+), f,g,a) and P{+),p,q,b) be arithmetical forms 
of trimedial quasigroups Q and P , respectively, and let if : Q —>^ P be a mapping 
such that (f{0) = 0. Then (f is a homomorphism of the quasigroups if and only if 
is a homomorphism of the loops such that ipf = pip, (pg = qtp and ip{a) = b. □ 

Put Ri = Z[x, y, x~^,y~^], x and y being two commuting indeterminates over 

the ring Z of integers. Then Ri is a commutative nocthcrian domain, a unique 
factorization domain, and there exists just one homomorphism $ of Ri onto Z3; 
we have *(x) = 2 = *(y) and I = Ker(*) = 3Ri + (l+x)Ri + (l + y)Ri. Further, 

wc denote by Ql the variety of centrally pointed Ri-quasimodulcs. That is, 
contains just ordered pairs {Q, a), where Q is an Ri-quasimodule and a G 7i{Q). 

8.4 Proposition. The varieties of pointed trimedial quasigroups and Qi of 
centrally pointed Ri -quasimodules are equivalent. 

Proof. Let {Q,w) £ T^. By 8.2(i), there is an arithmetical form {Q{+), f,g,a) of 
Q such that w = is the neutral element of Q{+) and a = ww £ Z((5(-|-)). The 
automorphisms f,g are 1-central, i.e., x + f{x) G Z(Q{+)) and x-\-g{x) G Z((5(-|-)) 
for every x G Q. Furthermore, 3Q C Z{Q{+)) (which is true in every commutative 
Moufang loop), and consequently we may turn Q{+) into a quasimodule Q by 
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setting XX = f{x) and ya; = ^(a;) for every x & Q; clearly, IQ C Z{Q). Now, 
X{Q,w) = {Q,a) G Ql_ 

Conversely, take (Q,a) e Qi and define a binary operation on Q hy xy = 
XX + yy + a ioT all x,y € Q. By 8.1, Q becomes a trimedial quasigroup and we 
have x(Q,a) = (Q,0) G T^. 

We get correspondences A : ^ Ql, x : Ql ^ and it follows easily from 
8.2 that xX = id and Xx = id. Both correspondences are biuniquc, thoy preserve 
the underlying sets and, in view of 8.3, they represent equivalences between the 
varieties. □ 

8.5 Lemma. Let a = {Q{+), f,g,a) and (3 = {Q{*),p, q,b) be arithmetical forms 
of a trimedial quasigroup Q (the neutral elements of Q{+) and Q{*) being denoted 

by and o, respectively) and let {Q. a) and (Q, b) be centrally pointed, quasimodules 
corresponding to a and (3, respectively (see 8.3). Then the quasimodules Q and Q 
are isomorphic. 

Proof. Define an operation o on Q hy xoy = [x + y) — o ioi all x,y G Q. Then Q(o) 
is a loop, is its neutral element and h : Q{o) Q{+) is an isomorphism, where 
h{x) = X — o. Moreover, pi = h~^fh and qi = h~^gh arc l-ccntral automorphisms 
of <3(o), piqi = gipi, bi = f{o)+g{o) + a G Z((5(o)) and xy = pi{x) + qi{y) + bi for 
all x,y € Q. Now, by 8.2(ii), Q{o) = Q{*), Pi = P, qi = q and bi = b, and hence h 
is an isomorphism of the quasimodules. □ 

8.6 Proposition. Let Q be a trimedial quasigroup and let Q be the corresponding 
quasimodule (see 8.4 and 8.5). Then: 

(i) // Q is hamiltonian then Q is so. 

(ii) // Q is hamiltonian and contains at least one idempotent element then Q is 
hamiltonian. 

(iii) Q is medial iff Q is a module. 

Proof, (i) Let w £ P, P being a given subquasigroup of Q, and let {Q, a) be the 
centrally pointed quasimodule corresponding to the pair {Q, w) in the sense of 8.4. 
Then P is a subquasimodule of Q and, since Q is hamiltonian, P is a block of 
a congruence r of Q. Now, it is easy to check that r is also a normal congruence of 

the quasigroup Q. 

(ii) Let e G Q be such that ee = e and let (Q,a) be the centrally pointed quasi- 
module corresponding to the pointed quasigroup (Q, e). Then a = ee = e = 0, and 
so e G P for every subquasimodule P of Q. Now, P is a normal subquasigroup 
of Q and the corresponding normal congruence r of Q is also a congruence of the 
quasimodule Q. □ 

8.7 Lemma. Let Q be a trimedial quasigroup such that the corresponding quasi- 
module Q (see 8.4, 8.5 and 5.5) is subdirectly irreducible and nilpotent of class at 
most 2. Then every non-idempotent subquasigroup P of Q is a normal subquasi- 
group. 

Proof. Take w E P such that a = ww ^ w and let (Q, a), Q = Q{+,rx), be the 
centrally pointed quasimodule corresponding to {Q,w) in the sense of 8.4. Clearly, 
P(+) is a subloop of Q(+) andO = w ^aeV = Z{Q{+)) D P. Now, is a non- 
zero normal subquasimodule of Q, and hence A{Q{+)) C V. Thus A{Q{+)) C P 
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and P is a normal subquasimodule of Q. Prom this it easily follows that P is 
a normal subquasigroup of Q- ^ 

8.8 Remark. The smallest possible number of elements of a non-medial trimedial 
quasigroup is 81. According to [7], there exist just 35 isomorphism classes of non- 
medial trimedial quasigroups of order 81. Now, if Q is such a quasigroup and if Q 
has no idempotent element then Q is hamiltonian by 8.7. 

8.9 Example. Define an operation on Di (see 3.1) by a^fe = (a A 6) + (1,0, 0,0). 
Then Vi (<0) is a non-medial C/Z"-quasigroup and aOa = «+ (1, 0, 0, 0) 7^ a for every 
a G I>i. Thus 'D\{^) has no idempotents and is hamiltonian (see 8.7, 8.8). 

8.10 Remark, (i) In this remark, let us call a quasigroup Q meagre {minimal, 
resp.) if Q is non-trivial and has no proper (non-trivial proper, resp.) subquasi- 
group. 

(ii) Every simple hamiltonian quasigroup is minimal. Conversely, if Q is minimal 
then Q is hamiltonian and, moreover, if Q contains at least one idempotent then 
Q is simple. 

(iii) Every minimal trimedial quasigroup Q is medial and, moreover, Q is either 
idempotent or contains just one idempotent element or is meagre. 

(iv) Every simple trimedial quasigroup is minimal, finite and medial ([18] and [19]). 

(v) Let Q be a finite meagre quasigroup, \Q\ = q, and P be a finite quasigroup such 
that jPj = pis prime. Assume further that the product R = P xQ is a hamiltonian 
quasigroup and Hom(P, Q) = (e.g., P is meagre and not an image of Q or P is 
meagre and p docs not divide g or P contains no idempotent, Q is simple and not 
isomorphic to a subquasigroup of P). Then R is not simple and we claim that R is 
meagre. 

Indeed, if S is a subquasigroup of R then s = 15*1 > (7 (since Q is mciagrc) and ,s 
divides \R\ = qp (since R is hamiltonian). If s > g then s = qp (since p is prime) 
and S = R. On the other hand, if s = q then, for every a G Q, there exists a unique 
/(a) G P with (a, /(a)) G S. Now, f : Q ^ P is a homomorphism, a contradiction. 

(vi) Put P = Z5 X Z3 and define an operation o on P by (a, x) o (6, y) = (3a + 36 + 
l,2x + 2y+l). Then R{o) is a commutative medial quasigroup and R{o) is meagre 
but not simple (see (iv)). 

9. Distributive quasigroups 

Recall that a distributive quasigroup is characterized by the equations x{ab) = 
(xa){xb) and {ab)x = {ax){hx) and that every distributive quasigroup is trimedial 
([2]). Thus distributive quasigroups are just idempotent trimedial quasigroups. 

Put R2 = Z[x, x~^,(l — x)~^], X being an indeterminate over the ring Z of 
integers. Then R2 is a commutative nocthcrian domain and there exists just one 
homomorphism $ of R2 onto Z3; obviously, we have *(x) =2 and I = Ker(<&) = 
3R2 + (1 + x)R2. Further, we denote by Q2 the variety of R2-quasimodules and 
by the variety of pointed distributive quasigroups. 

9.1 Proposition. The varieties of pointed distributive quasigroups and Q2 

of R2 -quasimodules are equivalent. 

Proof. Let {Q, w) G V^. By 8.2(i), there is an arithmetical form {Q{+), f, g, 0) of Q 
such that w = is the neutral element of Q(+), f,g are 1-central automorphisms 
of Q{+) and X = XX = f{x)+g{x), g{x) = {l — f){x) for every x G Q. Consequently, 
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we may turn Q{+) into a quasimodule Q by setting xa; = f{x) (see the proof of 8.4), 
and so X{Q, w) — Q <E Q2. 

Conversely, if Q G Q2 then (Q, 0) = >t{Q) is a pointed distributive quasigroup, 
where the multipUcation is defined by = xx + (1— x)t/ for all x,y ^ Q. 

Now, the correspondences X : ^ Q2 and k : Q2 ^ VP represent the desired 
equivalence between the varieties (again, see the proof of 8.4). □ 

9.2 Proposition. Let Q be a distributive quasigroup and let Q be the corresponding 
quasimodule (see 9.1 and 8.5). Then: 

(i) Q is hamiltonian if and only if Q is so. 

(ii) Q is medial iff Q is a module. 

Proof. The assertion follows immediately from 8.6. □ 

9.3 Remark, (i) Let Q be a distributive quasigroup and let wi,W2 G Q. Then 
W2 = vwi for some v € Q and we have W2 = ip{wi), where tp{x) = vx for every 
X G Q. Clearly, is an automorphism of Q, and so is also an isomorphism of the 
pointed quasigroup {Q,wi) onto the pointed quasigroup (Q,W2)- 

(ii) There is a one-to-one correspondence between isomorphism classes of distribu- 
tive quasigroups and isomorphism classes of R2-quasimodules. This correspon- 
dence preserves the hamiltonian property. 

9.4 Remark. Every non-medial distributive quasigroup contains at least 81 ele- 
ments and there exist just 6 isomorphism classes of non-medial distributive quasi- 
groups of order 81 (see [27]). 

9.5 Theorem. Let A be a ternary 'R.2-algebra such that r 7^ and the underlying 
module A' = A{+, rx) is cocyclic. Define an operation y on A by 

a; V y = xa; + (1 - x)y + (x^ + 2x^)T(a;, y, x) + (x + x^ + x^)r(y, x, y) 

for all x, y G A. Then A[\j) is a non medial hamiltonian distributive quasigroup. 
Proof. Combine 7.7, 9.1 and 9.2. □ 

9.6 Remark, (i) A distributive quasigroup Q is simple if and only if Q is non- 
trivial and contains no non-trivial proper subquasigroup (i.e., Q is minimal). 

(ii) Every simple distributive quasigroup is finite and medial. 

9.7 Remark, (cf. [11] and [15]) Let P be a minimal subquasigroup of a distributive 
quasigroup Q. 

(i) Let (Q(-l-), /, g, 0) be an arithmetical form of Q such that G P. Then P(+) is 
a minimal submodulc of Q(+) and P is a normal subquasigroup of Q if and only if 
P(+) is a normal submodulc of Q{+) (use 9.1). Now, by 5.11, if P is not normal 
in Q then |P| = 3 and \Pa ■ Pb\ G {3, 9} for all a,b € Q (according to 2.3, we have 
Pflo ■ P&ol = 9 for some uq, ho G Q). Consequently (see 5.12), P is normal in Q if 
and only if |P| • |Pa • Pb\ ^ 27 for ah a,b G Q. 

(ii) We show that P ■ ya = xy ■ Pa for all x,y G P and a G Q. This is clear for 
X = y and we assume that x =/= y. Put v — xy ■ ya and w = x ■ ya = xy ■ xa. Then 
V ^ w, v,w G P-yaCixy ■ Pa and \P -yaCixy ■ Pa\ > 2. But both P • ya and xy ■ Pa 
are minimal subquasigroups of Q and it follows that P ■ ya = xy ■ Pa. 

(iii) It follows easily from (ii) that P ■ ya = P ■ Pa for all y G P and a G Q. In 
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particular, \P ■ Pa\ = \P\ and, since \p ■ Pa\ = \P\ and p ■ Pa C P ■ Pa, we have 
p ■ Pa = P ■ Pa for every p & P. 

(iv) Let a, 6 e Q be such that PaCiPby^ 0. We show that then Pa = Pb. Indeed, 
ua = q = vb for some u,v G P and, by (ii), P ■ Pa = P ■ua = Pq = P ■ vb = P ■ Pb, 

p ■ Pa = p ■ Pb and, finally. Pa = Pb. 

(v) According to (iv), {Pa \ a G Q} is a partition of Q. 

(vi) ([15, 3.2]) Let a,b e Q he such that \Pa ■ Pb\ < \P\^. Then xa ■ yb = ua ■ vb 
for some x,y,u,v e P, {x,y) ^ {u,v), Pi = Pa is a minimal subquasigroup of Q, 
Pi ■ yb (1 Pi ■ vb ^ 0, and hence Pi ■ yb = Pi ■ vb by (iv). If c e Q is such that 
yb = xa-c then {pa){Pic) = Pi ■ PiC = Pi ■ {xa • c) = Pi-yb = Pi-vb for every p £ P 
(use (iii)). Now, it is clear that yb,vb G PbnPic and \PbriPic\ > 2. Consequently, 
Pb = PiC = Pa ■ c and Pa ■ Pb = Pa ■ {Pa ■ c) = Pa ■ {za ■ c) for every z G P (again, 
by (iii)). Thus \Pa ■ Pb\ = \Pa ■ {za ■ c)\ = \P\. 

(vii) (cf. (i)) We have shown in (vi) that \Pa ■ Pb\ is equal to \P\ or |Pp for all 
a,b £ Q. 

9.8 Remark. The variety of pointed commutative distributive quasigroups is 

equivalent to the variety of Z[i]-quasimodulcs. Since Z[i] is a principal ideal do- 
main, every hamiltonian commutative distributive quasigroup is medial (7.9). 

9.9 Remark. (The parastrophes) Let Q be an R2-quasimodule. Keeping the 
underlying commutative Moufang loop Q{+) of Q, we introduce three new scalar 
multiplications, say o, * and •, on Q by the equalities xoa = (1 — x) - a, x*a = x"'^ - a 
and x • a = — x(l — x)~^ • a. Then (1 — x) o a = x • a, (1 — x) * a = (1 — x~^) • a 
and (1 — x) • a = (1 — a;)~^ • a and the resulting quasimodules will be denoted 
by a{Q) = Q{+,r o a), (3{Q) — Q{+,r * a) and j{Q) = q{+,r • a), respectively 
(the quasimodule a{Q) is called the opposite quasimodule to Q and is denoted 
also by Q). One may check easily that = = 7^ = id, a/3 = 7a = and 
Pa = 07 = 7/3 (the six equivalences id, a, (3, 7, a/3 and (3a form a six-element 
group). 

10. Modules of divided powers 

Throughout this section, let S ~ R[x] and T = R[[x]] denote the ring of poly- 
nomials and the ring of formal power series in one indeterminate x over R, respec- 
tively. Now, given a (unitary left) R-module M, the direct sum N = M^'^^ = {a : 
oj ^ M \ a{n) = for almost all n G w} of w copies of M becomes a T-module via 
(/a)(n) = Ej^o fMn + «) for all a e N and / = Y.Z0 h^' ^ T (the T-module 
tAT is known as the module of divided powers and is denoted usually by M[x~^] ). 

For n > 0, let A^;^ = {a e iV I a{m) for m > n + 1}. Clearly Nq C Ni C 
N2 ■ ■ ■ and Nn are submodulcs of all the three modules rN, sN and t-A- 

10.1 Lemma. Sa = Ta for every a e N. If a ^ then SaCiNa ^ 0. 

Proof. The equality is clear and if n = max{ i \ a{i) ^ 0} then ^ x"a G Aq- D 

10.2 Lemma. '^{-yN) = S(sA) = S(rA^o)- 

Proof. Every submodule of rNq is also a submodule of tA^, and hence S(r,A^o) C 
S(tA'). On the other hand, if Ta is a (non-zero) simple submodule of tA' then 
Ta n A^o 7^ 0, and hence Ta C Aq. Thus Ta is a simple R-module and Ta C 
S(RiVo). □ 
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10.3 Lemma. Let m > 1. Then S„(TiV) - S™(sA^) C SminN^m-i) C S^minN) 
and a G S,„(tA^) if and only ifa{0) G SminM), a(l) G Sm-iinM), ... , a(m-l) G 
Si(rM), a(m) = a(m + 1) = • • • = 0. 

Proof. We shall proceed by induction on m. The case m = 1 is settled by 10.2, and 
so let m > 2. 

First, take 5 G iV such that x-B = (T6 + P)/P is a simple T module, where 
P = S™_i(t^). Then tB ~ T/A for a maximal ideal A of T and x*^6 = for 
some k > 1. Consequently, since x*^ G A and A is prime, we have x G A, x_B = 
and x6 G P. Now, by induction, 6(1) G S„,,_i(rM), ... , 6(m - 1) G Si(RAf), 
h{m) = 6(m + 1) = • • • = 0. Moreover, since xB = and P C Sm_i(RiV), B 
is also a simple R-module, (Rfe + '&m-i{ii,N)) /Sm-i{n,N) is a simple R-module, 
b G S™(r7V) and 6(0) G S™(rM). 

Now, conversely, let a G be such that a{i) G Sm-i(RM) for < i < m — 1 
and a(i) = for i > m. Then, by induction, xa G P, and hence Ta + P — Ra + P. 
Moreover, if C = (Ra + P)/P then xC = and rC is completely reducible. 
Consequently, xC is also completely reducible and a G Sm(x.^). D 

10.4 Corollary. S^(xA^) = S^(s^) = S^(RiV) = S^(RA/f)(-). □ 

10.5 Lemma. If m > 1 and Dm = '&m{TN)/8m-i{TN) then xDm = and 
nDm ^ S„(rM)/S„_i(rM) X S„_i(rM)/S„_2(rM) x • • • x Si(rM)/So(rM). 

Proof. The statements follow easily from 10.3. □ 

10.6 Lemma. Assume that Sm(RM) ^ Sm_i(RM) for some m > 1. Then none 
of the modules Sm{TN) and Sm{sN) can be generated by less than m elements. 

Proof. Since R is noetherian, S-torsion modules have primary decompositions, and 

hence there is a homogeneous component H of S„i(rM) such that H = S„i{rH) ^ 
Sm-i{nH). From this it follows that S„_i(Ri?) ^ S^MnH), ... , Si{nH) + 
So(R^f) = and consequently the module rDtk (see 10.5) contains a copy of G^™' 
for a simple module G. The direct sum cannot be generated by m — 1 elements 
and, since it is a direct summand of r-D,,, , the same is true for the latter module. □ 

10.7 Lemma. // rM is cocyclic then both tN and s^V are cocyclic. Moreover, 
the modules rM, x^ and gN are artinian and -torsion. 

Proof See 10.1, [44], Theorem 4.30 and [14], Lemma 6.21. □ 

10.8 Lemma. ([16], Proposition II. 2) The following conditions are equivalent: 

(i) rM is an injective module. 

(ii) x^ is an injective m,odule. 

(iii) s-^ is an injective module. 

Proof, (i) =^ (ii). This implication is [30], Theorem 1. 

(ii) ^ (iii). We will use a few standard and well known arguments. First, since 
T is the completion of S in the usual x-adic filtration, the module sT is flat (see 
e.g. [36], Theorem 8.8). Now, we have the following natural transformation (see [1], 
Proposition 20.6): 



Horns (s A s-^) - Horns (s^, HomxCxT, tN)) ~ HomxCs?" (8>s A tN) 
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for every S module A. Since t-^ is injective, the functor HomT(sT (g)s — , t-^) is 

exact, and hence the same is true for Homs(— , s-^)- Thus is injective. 

(iii) (i). We may proceed in the same way as in the proof of [30], Prop. 1. □ 

10.9 Let / be a maximal ideal of R and E be an injective envelope of the simple 
module A = R//. Then K — Sx + SI is a, maximal ideal of S = R[x] and 
B = S/K is a simple S-module. Now, it follows from 10.7 and 10.8 that the S- 
module TV = E[x.~^] is an injective envelope of (a copy of) s^- The module s-^ 
is artinian, So^-torsion and homogeneous, and every cocyclic S -module containing 
s-B (as the essential simple socle) is isomorphic to a submodule of s^. For every 
m > I, SrnisN) is a module of finite length (i.e., both artinian and noetherian) 
and if S„(r£;) ^ S™_i(r£') (i.e., ii E S„_i(r£;)) then S„(sAr) cannot be 
generated by m — 1 elements (use 10.6). 

10.10 Consider the situation from 10.9, take ri £ R and put Ki = S(x + ri) + SI 
and Bi = S/Ki. Clearly, Ki is a maximal ideal of S and Bi is a simple S-module. 
Now, denote by B and Bi the classes of cocyclic S-modules C and Ci , respectively, 
such that S(C) ~ B and S(Ci) ~ Bi. If C € B then A(C) = Ci G Bi, where both 
S-modules C and C'l have the same underlying additive group and the S-scalar 
multiplication • is defined on Ci hy r ■ u = ru and x • u = xm — nu for all r e R 
and u € C. Moreover, A : B Bi is a bijective correspondence and a subset H 
of C is a submodule of C if and only if it is a submodule of Ci. In particular, the 
S-modules C and Ci possess the same number of generators. Finally, a mapping 
(f : C ^ D is a.n S-module homomorphism if and only if Lp : A(C) A(Z)) is an 
S module homomorphism (it follows that A is a category equivalence) . 

10.11 Let C be a finite cocyclic S-module such that xS(C) ^ 0. Then the mapping 
w I— > XM is an automorphism of C, and hence C becomes a (cocyclic) R[x, x~^]- 
modulc. Similarly, if xv ^ v for at least one v € S(C), the mapping u i-^- (x— l)u is 
an automorphism of C and C is also an R[x, (x — l)~^]-module. Finally, if xw ^ 
and XV ^ V for some v,w € S(C) then C is an R[x, x~^, (1 — x)~^]-module. 

11. The socle series of Zpoo[x~^] 

This section is an immediate continuation of the preceding one. Here, we choose 
R = Z, the ring of integers, and S = Z[x], the ring of polynomials with integral 
coefficients. For a prime number p > 2, the module N — Zpoo[x~^] of divided 
powers is an injective envelope of the simple S-module B = S/(Sx + Sp) (see 10.9) 
and s-^ is both artinian and Sa,-torsion. Moreover, since S,n{sN) ^ Sm_i(siV) 
for every m > 1, the m-th member Sm{sN) of the socle scries of cannot 
be generated by m — 1 elements; notice that |Sm(sA/')| = p(»"+i)'"/2^ Further, 
it is easy to see that Sm(sAf) is isomorphic to the following S-module Pm- Pm = 
Zpm X Zpm-1 X • • • X Zp and (xa)(n) = pa(n+ 1) for < n < m — 2, (xa)(?Ti — 1) = 0, 
a = (a(0), . . . , a(m — 1)) G Pm- Clearly, the additive group Pm(+) (and hence also 
the module sPm) is generated by the elements (1, 0, . . . , 0), ... , (0, . . . , 0, 1) and 
Pi ~S/(S3 + Sx).. 

11.1 Lemma. J(S„(sAr)) = Sm-i{sN) = pS^isN) . 

Proof. The factor ^m{sN) /^m-\{sN) is a completely reducible module isomorphic 
to Pi^'"); clearly, J(S„(sA^)) C S„_i(sA^). On the other hand, S„(siV)/J(S„(sA^)) 
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is an m generated completely reducible module, and hence it is also isomorphic to 
Pi^™). Thus J(S„(s^)) - S„_i(s^). □ 

11.2 Lemma. The S-module Sm{sN) is generated by m elements hut not by m — 
1 elements. Every proper submodule of Sm{sN) is generated by at most m — 1 
elements. 

Proof. Let Q be a proper submodule of Pm- Assume first that Q + V = Pm, 
where V = {a(0), 0, . . . , 0)} C Now, for every i, 1 < i < m — 1, there is 

ai(0) G Zp^ such that oi = (ai(0), 1, 0, . . . , 0), 02 = (02(0), 0, 1, 0, . . . , 0), ... , 
am-i = (am-i(O), 0, . . . , 0, 1) are all in Q. Clearly, pV C C Q, where Qi is the 
submodule generated by the m — 1 elements ai, . . . , am-i- We claim that Qi = Q. 
Indeed, if a G Q then a — 6 = c G F for some 6 G Qi. If c ^ pV then V" = Sc C Q 
and Q = Pm, a contradiction. Thus c G pV C Qi and a G Qi. 

Now, assume that Q + V ^ P^- Then P = Q/Q n F ~ Q + V/V C P^/V =i 
Pm-i, P is isomorphic to a proper submodule of Pm-i and, using induction, we 
conclude that P is generated by at most m — 2 elements. Finally, since every 
submodule of V is cyclic, Q is generated by at most m — 1 elements. □ 

11.3 Proposition. Let Q be a cocyclic S-module whose (essential simple) socle is a 
copy of Pi (i.e., Zp, where xZ^p = 0) such that SmiQ) = Q- Then Q is isomorphic to 
a submodule o/Sm(siV) and Q can be generated by at most m elements. Moreover, 
if Q cannot be generated by m — 1 elements then Q ~ 8^(8-^) (— Pm)- 

Proof. Since Q is cocyclic and contains a copy of Pi , Q is isomorphic to a submodule 
of siV. Further, since '&m(Q) = Q, a. copy of Q is contained in Sm{s^) and the rest 
follows from 11.2. □ 

11.4 Lemma. Let Q be a finitely generated cocyclic S-module with S{Q) ~ Pi and 
let k = gen((5). Then: 

(i) Ifk = 1 then \Q\ > p, and if \Q\ ^p then Q ~ Si(sA^) ^ Pi- 

(ii) Ifk = 2 then \Q\ > p^, and if \Q\ ^ p^ then Q ~ S2{sN) ~ P2. 

(iii) If k = 3 then \Q\ > p^, and if \Q\ = p^ and Q is not isomorphic to Ss{sN) 
then the S-length of Q is 4- 

(iv) Ifk>A then \Q\ > 

Proof. Easy (use 11.3; (iv) follows from (iii), since Q contains a submodule Qi with 
gen(Qi) = 3). □ 

11.5 Lemma. Si(P4) is the set of all a G P4 such that a(l) = a(2) = a(3) = 

and p^ divides a(0), S2(P4) is the set of all a £ P4 such that a(2) = a(3) = and 
p^ divides a(0),a(l), and S3(P4) is the set of all a G P4 such that a(3) = and p 
divides a(0), a(l), a(2). 

Proof Easy. □ 

11.6 Lemma. Let u,v & S3(P4) be any elements such that the submodule Q = 
{Su + Sv + S(P4))/S(P4) ofPi/S{Pi) is not cyclic. Then S(Q) = Si(P4/S(P4)) = 

S2(P4)/Si(P4) ~ is not cyclic. 

Proof. By 11.5, we have u = {ioP,iiP,i2P,0) and v = {joP,jiP,j2P,0), where < 
^Oiio < P^— 1) < < p^ — l and < 12, j2 < p— 1- If at least one of the elements 
u,v,u — V is in S2(P4) then |S((3)| = (use the fact that Q is not cyclic), and 
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hence we may assume that none of these elements is in S2(P4) (see 11.5). Further, if 
ii ^ 7^ «2 then (p^ 0, 0, 0) G Su, (0,^^, 0, 0) G Su and 82(^4) C Su. Thus we may 
also assume that 12 = implies ii = and, similarly, j2 = implies ji = 0. On the 
other hand, if ii = 12 = ji = ^2 = then Sw+Sf is a cyclic module, a contradiction. 
Consequently, considering the equalities Su + S{u — v) = Su + Sv ~ Sv + S{u — v), 
we may finally assume that 12 = 1 and ji = = 0. Then (p^, 0, 0, 0) € Su + Su, 
(0,p2,0,0) e Su + Si; and S2(P4) C Su + Su. □ 

11.7 Lemma. P2 is not isomorphic to any submodule of Pi/^i{Pi). 
Proof. The result follows easily from 11.6. □ 

11.8 Lemma. Define an S module structure on V — Zp2 x Zp2 x Zp by xa = 

(pa(l),pa(2)), 0). Then P2 is not isomorphic to any submodule of sV . 

Proof. Let u,v & V he such that none of the elements u,v,u — v is in S{V) and 
|S(Su)| = p = |S(Su)|. Put Q = Su + Sv. One may check easily that either 
|S(Q)| = p2 or Q is cyclic. □ 

11.9 Lemma. P2 is not isomorphic to any submodule of Pi/S^iPA)- 

Proof. We have P4/S2(P4) W = Zp2 x Zp2 x Zp2 x Zp, where the S-module 
structure is given by xa = {pa{l) , pa{2) , pa{3) , 0) . Now, let Q be a submodule of W 
such that Q ~ Pa- If A = {a\ a(l) = a(2) = a(3) = 0} then W/A ~ V (see 11.8), 
and consequently QnA ^ 0. In particular, S((5) = S(p, 0, 0, 0). Finally, let u, v G Q 
be such that Q = Su + Sv. Then, using the fact that Q is not cyclic, we conclude 
easily that none of u,v,u — v is in S{W) and |S((5)| > P, a contradiction. □ 

11.10 Proposition. Let Q be a cocyclic S-module with S{Q) ~ Pi and \Q\ =p^. 

Then Q is generated by at most three elements, and if gen{Q) = 3 then Q ~ P3 ~ 

Proof. Let m denote the S-length of Q. If m > 2 then (see 11.3) Q is isomorphic to 
a submodule of 82(3-^) (— P2), and hence \Q\ < p^, a contradiction. Consequently, 
m > 3. Further, if |J(Q)| < then J(Q) C S2(Q), Q/S2{Q) is completely reducible, 
m = 3 and gen{Q) < 3 by 11.3 (a contradiction with \Q/J{Q)\ > p^). On the 
other hand, if |J(Q)| > p^ then |0/J(Q)| < p^ and gen(Q) = gen(Q/J(Q)) < 3. 
We have proved that gen{Q) < 3. Now, assume that Q is not generated by two 
elements and that Q is not isomorphic to P3. By 11.4(iii), to = 4, and hence, by 
11.3, Q is isomorphic to a submodule of P4; denote this submodule by Q again 
and put Qi = Q/S{P4). Then |Qi| = p'', the S length of Qi is 3 and, since 
S(P4) C 3{Q), the module Qi cannot be generated by 2 elements. Now, it follows 
from 11.3 that Qi is not cocyclic, and therefore |S((5i)| > p^- On the other hand, 
S(Oi) C S(P4/S(P4)) = S2(P4)/Si(P4) ~ Pf ^ and we see that |S(Qi)| = p^ and 
\Qi/S{Qi)\ =p^. Further, Qi/J{Qi) is a completely reducible module which is 3- 

generated but not 2-generated, Qi/J{Qi) — Pi^\ |Qi/J(Qi)| = P^ and |J(Qi)| = 
p^. If S((5i) C J{Qi) then S((3i) = J(Qi), a contradiction with the fact that 
the S-length of Qi/S{Qi) is 2. Consequently, S{Qi) ^ 3{Qi) and it follows that 
Qi = A®Q2, where A, Q2 are submodules of Qi and A is simple. Since S{Q) ~ Pi, 
Q2 is a cocyclic module and \Q2\ = p"^- Clearly, Q2 is 2 generated and not cyclic. 
The S-length of Q2 is 3, and hence either |S2(Q2)| = P^ or |S2(Q2)| = P^- If 
S2(Q2)1 = P^ then 82(02) is a 2-generated cocyclic module of S-length 2 and 
82(02) — P2 by 11.3. However this is a contradiction with 11.7, and so |S2(Q2)| = 
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and S2(Q2) = J(Q2)- Now, Q2/S{Q2) — P2 is isomorphic to a submodule of 
i-4/S2(P4), which is, finally, a contradiction with 11.9. □ 

Define another scalar S-multiplication on Pm by (x • a){n) = pa{n + 1) — a{n) 
for < n < TO — 2, (x • a)(TO — 1) = —a{m — 1), a = (a(0), . . . , a{m — 1)) £ Pm (i.e., 
X ■ a = xa — a = (x— l)a). In this way (see 10.10), we get a cocyclic S-module 

Pma, S{Pm,l) ^ Pl,l ^ S/(Sp + S(x + 1)). 

11.11 Proposition. Let Qi be a finitely generated cocyclic S-module such that 
S{Qi) ~ Pi,i and k — gen(Qi). Then: 

(i) //A; > 3 then |Qi| >p*5. 

(ii) //A; > 4 then |Qi| >p^. 

Proo/. Combine 11.4 and 10.10. □ 

11.12 Proposition. Let Qi be a cocyclic S module iDith S((5i) ~ Pi^i and \Qi \ = 
. Then Qi «5 generated by at most three elements, and if gen{Qi) = 3 then 

Qi -P3,l. 

Proof. Combine 11.10 and 10.10. □ 

11.13 Remark. The transformation a — >■ x • o is an automorphism of Pm,i(+) 
(= Pm(+)), and lip ^ 2 then the same is true for the transformation a (x— 1) -a. 
Consequently, for p 2, the scalar S-multiplication on Pm,,i can be extended in 
a unique way to a scalar R2-multiphcation (recall that R2 = Z[x, x~^, (1 — x)^^]) 
and the cocyclic S-module P„i.i turns into a cocyclic R2-module P^ 1 (see 10.11). 
Notice that P{ ~ R2/(R2P + R2(l + x)). 

11.14 Proposition. Let p 2 and let Q[ be a finitely generated cocyclic R2- 
module with S{Q'i) ~ P{ ^ and k — gen{Q[). Then: 

(i) Ifk>3 then \Q[\ > 

(ii) Ifk>4 then \Q[\ >/. 

Proof Combine 11.11 and 11.13. □ 

11.15 Proposition. Let p ^ 2 and let Q[ be a cocyclic R2-modwfe with S{Q[) ~ 
P[ ^ and \Q[\ = p^ . Then Q[ is generated by at most three elements, and if 

gen(Q'i) = 3 then Q[ ~ P^ ^. 

Proof. Combine 11.12, 11.13 and use the fact that x~^ - a = x'^ - a and (1— x)~^ - a = 
(1 — x)' • a for some positive integers k and I. □ 

12. The synthesis 

12.1 In this (final) section, let p = 3 and let V (C, resp.) denote the simple 
(cocyclic, resp.) R2-module P{ i (P3.1, resp.) defined in the preceding section. 
Recall that P(+) = Z3(+), |P| ^ 3^ = 3, 3a = (1 + x) • a = and x ■ a = x'^ • a = 
(1 - x) • a = (1 - x)~i . a = -a for every a e V. Further, C(+) = Z27(+) x 
Z9(+) xZ3(+), \C\ = 3^ = 729, 3a = (3a(0), 3a(l), 0), (l + x)-a = (3a(l), 3a(2), 0), 
X ■ a = (26a(0) + 3a(l), 8a(l) + 3a(2), 2a(2)), x^^ • a = x^^ • a = (26a(0) + 24a(l) + 
18a(2), 8a(l) + 6a(2), 2a(2)), (1 - x) • a = (2a(0) + 24a(l), 2a(l) + 6a(2), 2a(2)) and 
(l-x)-i-a= (l-x)i^-a = (14a(0) + 21a(l) + 18a(2),5a(l) + 3a(2),2a(2)) for every 
a = (a(0(, a(l), a(2)) G C (the transformations a — > x • a and a — > (1 — x) • a are 
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permutations of C and both have order 18 in the corresponding symmetric group). 
Wc have S(C) - V, gcn(C) = 3 and, of course, C is K torsion. By 11.15, C 
whenever C is a cocyclic R2 module with S(C) ^ V, gen(C) ~ 3 and |C| = 729. 
We put u = (1,0,0), V = (0,1,0) and w = (0,0,1), u,v,w G C. Notice also that 
the mapping A : a 1— > (a(0),a(0) + 8a(l),a(0) + a(l) + a(2)) is an automorphism 
of C(+) such that = id, A(x • a) = (1 - x) • A(a) and A((l - x) • a) = x • A(a). 
Similarly, the mapping x : a (q(0), — a(l) + 6a(2).a(2)) is an automorphism of 
C(+) such that >c{yi-a) = x~-^ •>j:(a), x-((l — x)-a) = (1— x^^)-x(a) and the mapping 
fjL : («(0) + 9a(l), a(0) + a(l) + 3a(2), a(0) + 2a(l) + a(2)) is an automorphism 
of C(+) such that /i(x • a) = (1 — x)~^ • /x(a) and /x((l — x) • a) = — x(l — x)^^ • /^(a). 
Finally, /iA is an automorphism of C(+) such that /iA(x • a) = — x(l — x)"-'^ • iiX(a) 
and /xA((l — x) • a) = (1 — x)^^ ■ fi\{a). 

12.2 Let us define n (a, 6, c) = (9a(0)6(l)c(2) + 18a(l)6(0)c(2), 0, 0) andr2(a,6,c) = 
(18a(0)&(l)c(2) + 9a(l)6(0)c(2),0,0) for all a,b,c e C (see 12.1). One checks 
readily that ri, T2 are trilinear mappings of C'^^ into C and that these map- 
pings satisfy the four conditions T(0), . . . ,T(3) from 1.5. Moreover, T2 = — n = 
26ti, n{a, b, c) = (9a(0)6(l)c(2) + 9a(l)&(2)c(0) + 9a(2)&(0)c(l) + 18a(0)6(2)c(l) + 
18a(l)fe(0)c(2) + 18a(2)6(l)c(0),0,0) = ~Ti{a,h,c), rr(u,v,w) = (9,0,0) = 9u, 
7^(u, v,vir) = (18,0,0) = 18u. Thus (C,ti) and (C,T2) are ternary algebras (see 

1.5) with T^^Q^T2. 

12.2.1 Define a mapping ?? : C^^) ^Chy d{a, 6, c) = (9(a(l)6(0) - a(0)&(l))(c(0) + 
c(l)),0,0) for all a, 6, c € C. Clearly, ^ is a trilinear mapping satisfying T(0), 
. . . ,T(3) and 1? = 0. Now, consider the automorphism A of C(+) defined in 12.1. 
The following result is quite easy: 

12.2.1.1 Lemma. d{a,b,a - b) = (9(a(l)6(0) - a(0)6(l))(a(0) + a(l) - 6(0) - 
6(1)), 0, 0) = Ti(a, 6, a - 6) + Ti(A(a), A(6), A(a - 6)) for all a,beC. □ 

12.2.2 Put a{a) = (18a(0)3 + 9a(0)2a(l) + 18a(0)a(l)2 + 9a(0), 0, 0) for every a e C. 

12.2.2.1 Lemma. (7(0) + a{b) = a{a + 6) + t?(a, b,a-b) for all a,b€C. 
Proof. Easy to check directly. □ 

12.2.2.2 Lemma, (i) a{a) ^ if and only if 3 divides a(0) +a(l) and 3 does not 
divide a(0) (or a{l)). 

(ii) If a {a) ^ then a{a) = 9a. 

Proof Use the equality (a(0) +a(l) + l)(a(0) +a(l) -|-2)a(0) = a(0)3 -|-2a(0)2a(l) + 
a(0)a(l)2 + 2a(0) + 3a(0)2 + 3a(0)a(l). □ 

12.2.2.3 Corollary. CT(a) ^ if and only tf either a 6 {(1,2,0), (1,2,1), (1,2,2)}+ 
3C (and then a{a) = (9,0,0); or a G {(2, 1, 0), (2, 1, 1), (2, 1, 2)} + 3C (and then 

cr(a) = (18,0,0)). □ 

12.2.2.4 Corollary. \{a \ cr(a) = 0}| = 567 and \{a \ a{a) ^ 0}| 162. □ 

12.2.3 Put ^(a) =X{a)+a{a) = (18a(0)3+9a(0)2a(l) + 18a(0)a(l)2 + 10a(0), a(0) + 
8a(l), a(0) + a(l) + a(2)) for every a € C. 

12.2.3.1 Lemma. C^(a) = a + 2a{a) for every a G C. 

Proof We have ^^{a) = ^(A(a) + a{a)) = A(A(a) + a{a)) + a(A(a) + a{a)) = 
X'^{a) + Xa{a) + aX{a)+a'^{a) - ■i?(A(a), a{a), A(a) - a{a)) by 12.2.2.1. On the other 
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hand, = id, Xa{a) = a{a) = aX{a), cr^(a) = = i?(A(a), cr(a), A(a) — o-(a)), and 
so ^2 (a) = a + 2(T(a). □ 

12.2.3.2 Corollary. S,'^{a) = a if and only if a (a) =0. □ 

12.2.3.3 Lemma. ^ is a permutation of C. 

Proof. Since C is finite, it suffices to show that ^ is injective. However, if ^(a) = 
i{b) then a + 2a{a) = C^(a) = (^{b) = b + 2a{b), and hence a(l) = b{l) and 
a(2) = 6(2). Further, 3a = 3a + 6cr(a) = 3fe + 6(t(&) = 36, and so 27 divides 
3(a(0) - 6(0)). From this, 27 divides 18(a(0)3 - 6(0)^), etc., and we conclude that 
= a + 2cr(a) - 6 - 2cr(6) = (19(a(0) - 6(0)), 0, 0). Thus a(0) = 6(0) and a = 6. □ 

12.2.3.4 Lemma, ^(x • a) = (1 — x) • ^(a) and ^((1 — x) • a) = x ■ ^(a) for every 
aGC. 

Proof. We have ^(x- a) = A(x-a)+(T(x-a) ~ (1— x)-A(a)+(T(x-a). It is easy to check 
that a{x-a) = — cr(a) = (1— x)-cr(a), and hence ^(x-a) = (1— x)-A(a) + (l— x)-(7(a) = 
(1 — x) • ^(a). Quite similarly, ^((1 — x) • a) = x • ^(a). □ 

12.2.3.5 Lemma. e(a + & + Ti(a, 6, a-6)) = ^(a) +^(6) +T2(C(a), ^(6), ^(a) -^(6)) 
/or all a,b gC. 

Proof Using 12.2.1.1 and 12.2.2.1, one checks easily that ^(a + 6 + Ti(a, 6, a — 6)) = 
A(a) + A(6) + Ti (a, 6, a - 6) + cr(a + 6) = ^(a) + ^(6) + ti (a, 6, a - 6) - t?(a, 6, a - 6) = 
aa)+m - Ti(A(a), A(6), A(a) - A(6)) = ^(a) +^(6) - ri(C(a), ^(6), ^(a) - ^(6)). □ 

12.3 Define operations ® and Kl onC (see 12.1, 12.2) by a®6 = a+6+Ti(a, 6, a— 6) = 
(a(0) + 6(0) + 9a(0)a(2)6(l) + 18a(0)6(l)6(2) + 18a(l)a(2)6(0) + 9a(l)6(0)6(2),a(l) + 
6(l),a(2) + 6(2)) and aK6 = a + 6 + T2(a, 6, a - 6) = (a(0) + 6(0) + 18a(0)a(2)6(l) + 
9a(0)6(l)6(2) + 9a(l)a(2)6(0) + 18a(l)6(0)6(2), a(l) + 6(1), a(2) + 6(2)) for aU a, 6 € 
C. By 6.1, C(®) and C(H) are commutative Moufang loops and it is easy to see 
that the mapping (a(0), a(l), a(2)) (a(0), a(l), 2a(2)) is an isomorphism of C(®) 
onto C{M). In fact, by [27, 6.3], these (isomorphic) loops are determined by three 
generators, say a,/3,'-f, and relations 27q: = 9/3 — 3j = 0, [a,/3, 7] = 9a (or 
[a,/3,7] = 18a). By 12.2.3.2 and 12.2.3.5, ^ : C(®) ^ C(K1) is another isomor- 
phism of the loops. Notice that ^(u) = (1,1,1), C(v) = (0,-1,1), ^(w) = (0,0,1), 
[e(u), C(v), C(w)]c(g,) = n((l, 1, 1), (0, -1, 1), (0, 0, 1)) = (18, 0, 0) = 18u = 18C{u) 
and [5(u),?(v),?(w)]cp) = (9,0,0) = 9u = 9e(u). 

12.4 Put C[ = q(C,ri) = C{®,rx) and = q(C,r2) = C(M,rx) (sec 6.1 and 12.3). 
By 7.7, both C[ and C'2 are non-associative cocyclic (X-torsion) R2 - quasimodules 
and we have gen(C() = 3 = gen(C2). 

12.4.1 Lemma, (i) 27u = 9v = 3w = 0. 

(ii) (1 + x) ■ u = 0, (1 + x) • V = 3u and (1 + x) • w = 3v. 

(iii) [u, v,w]cj = 9u and [u, v,w]c^ — 18u. 

Proof See 12.1, 12.2 and 12.3. □ 

12.4.2 Lemma. The quasimodules €[ and €'2 are not isomorphic. 

Proof. Let, on the contrary, ^p : €'2 ^ C[ he an isomorphism. Put u = (/^(u), 
V = y(v) and w = We have (3u(l), 3it(2), 0) = (1 + x) • u = </?((! + x) • 

u) = 0, and hence u(l) = = u{2). Similarly, (3u(l), 3u(2), 0) = (1 + x) ■ w = 
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+ x) • v) = (^(3u) = 3u = (3m(0),0,0), 9 divides u{0) - v{l), v{2) ^ 0, 
(3w;(l), 3w(2), 0) = (1 + x) • w = ^((1 + x) • w) = ip{3v) = 3v = (3v(0), 3v{l), 0), 9 
divides v{0) — w{l), 3 divides v{l) — w{2). Furthermore, the orders of u, v and w are 
27, 9 and 3, rcsp., and so 3 does not divide u(0), 3 divides w(0), 3 docs not divide 

9 divides w(0), 3 divides w{l) and w{2) ^ 0. Finally, (9u(0)w(l)w(2), 0, 0) = 
Ti{u,v,w) = [u,v,w]cj = (/?([u, v,w]c^) = (^(18u) = 18u = (18u(0), 0, 0), hence 
9?i(0)(2-i;(l)w(2)) = (mod 27) and 3 divides 2-w(l)w(2). Thus wc have shown 
that 3 divides 2 - w{2)^, since 2 - w{2)'^ = 2- w{l)w{2) + w{l)w{2) - w{2f. But 
this is a contradiction with «;(2) = 1 or 2. □ 

12.4.3 Lemma. The permutation ^ of C (see 12.2.3) is an anti-isomorphism of 
the quasimodule C[ onto the quasimodule C'2 . 

Proof. By 12.2. 3.4 and 12. 2. 3. 5, wc have ^(a®6) = C(a)Kl^(&), ^(x-a) = (l-x)-^(a), 
^((1 — x) • a) = X • ^(a) for all a, 6 G C and this means that ^ is an anti-isomorphism 
of the quasimodules. □ 

12.4.4 Remark. Let C[ (Cj), resp.) denote the quasimodule opposite to (C2, 
rcsp.). That is, C{®) (C(K1), resp.) is the underlying commutative Moufang loop of 
C[ (C2, resp.) and the (opposite) scalar multiplication, say o, is given (in both cases) 
byxoo = (1— x)-a and (1 — x) 00 = x-o. If Ui = (1, 1, 1) and vi = (0, —1, 1) then 
C[ {C2, resp.) is generated by {ui, Vi, w}, 27ui = 9vi = 3w = 0, (1 + x) o ui = 0, 
(l+x)ovi = 3ui and (l+x)ow = 3vi, and [ui, vi,w]c(®) = 18ui ([ui, vi,w]c(ki) = 
9ui, resp.). Now, it follows from 12.5.1 that there exist quasimodule isomorphisms 
Ci : ^ C[, C2 : C( ^ such that Ci(u) = ui = C2(u), Ci(v) = vi = C2M and 
(^i(w) = w = C2(w). Then, of course, Ci is an anti-isomorphism of C'2 onto C[, (^2 
is an anti-isomorphism of €[ onto C2 and, in fact, ^1 = = (,2^, C2 = £, = Ci^ 
(use 12.2.3.2 and 12.4.3). 

12.4.5 Remark, (i) Putting v^^i = (0,6,1), wc have 27u = 9(-v) = 3wi = 0, 
(1 + x-i) • u = 0, (1 + x-i) • (-v) = 3u, (1 + x-i) ■ wi = -3v, [u, -v, Wi]c(®) = 
18u and [u, — v, wi]c(^) = 9u. Consequently, considering the parastrophes (3{C[), 
(3{C'2) (see 9.8) and 12.5.1, wc get quasimodule isomorphisms r]i : C2 PiC'i) 
and r]2 : C[ 1-^ ^{^'2) such that t]x{\i) = u = r?2(u), ?7i(v) = — v = r?2(v) and 
r]i{w) = wi = ?72(w). In fact, 772 = r]^^ ■ 

(ii) Put U2 = (10,5,1), V2 = (18,2,2) and W2 = (0,3,1). Then we have 27u2 = 

9v2 = 3w2 = 0, (1 - 2x)(l - x)-i ■ U2 = (= (1 - 2x) • U2), (1 - x)-i • U2 = 2u2, 

(1 - 2x)(l -x)"l • V2 = 3U2, (1 - 2x)(l -X)-1 • W2 = 3V2, [U2, V2, W2]c(®) = 18U2 

and [u2, V2, W2]c(Ki) = 9u2. Similarly as in (i), we get quasimodule isomorphisms 

Qi : €'2^ 7(^0 and Q2 ■ C[ ^ 7(^2) such that £'i(u) = U2 = £>2(u), £ii(v) = V2 = 
£i2(v) and £>i(w) = W2 = £>2(w). Again, Q2 = Qi^ ■ 

(iii) According to (i), (ii), 12.4.3, 12.4.4 and 9.9, we have the following quasimodule 

isomorphisms: C[ ~ q;(C^) ~ /3(C0 ~ 7(C^) ~ a/3(C() ~ (MC^) ajiCi) ^ 
7«(Ci) c PjiC'i) - Jli^'i) and C'2 c a{C',) ~ p{C',) ~ ji^i) - ^§.(^2) - P^iC'2) 
a7(C^) ^ 7«(C^) ^ §2iC'2) ^ 7^(CD. 

12.5 Let F be a free R2-quasimodule freely generated by a three-element set 

{a,/3, 7} (sec 6.2). Then F is nilpotcnt of class at most 2 and wc denote by Gi 
(G2, resp.) the subquasimodule generated by the elements 27a, 9/?, 37, (1 + x)a, 
(l+x)/3e3a, (l+x)7e3/3and [a, /?, 7]e9a ([a, /?, 7]el8Q!, resp.). Then Gi C Z(F) 
(G2 C Z(F), resp.), and hence Gi {G2, resp.) is a normal submodule of F. 
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12.5.1 Lemma. F/Gi) ~ C[ (F/G2 ^ C^, resp.). 

Proof. The assertion follows easily from 6.2, but we may also proceed in the fol- 
lowing way: First, 12.4.1 implies that C( ~ F/H for a normal subquasimodule 
H of F with Gi C iJ. UK is the (normal) subquasimodule of F such that 
GiCK and K/d) = A(F/Gi) then [a,/3,7] € K, M ^ Gi/K is a module and if 
TT : F — > M is the natural projection then 977(0) = 97r(/3) = 37r(7) = 0, X7r(a) = —a, 
x7r(/3) = 3a — (3, X7r(7) = 3/3 — 7. It follows easily that the additive group M{+) 
is generated by the elements 77(0;), 7r(/3), 77(7) and |M| < 3^ = 243. On the other 
hand, \K/Gi)\ = \A{F/Gi)\ = 3, and therefore 729 > \F/Gi\ > \F/H\ = 729, 
Gi=H a.ndF/Gic^C[. □ 

12.6 Theorem. Every non-associative cocyclic 'R.2-quasimodule contains at least 
729 elements and the only non- associative cocyclic R2 quasimodules of order 129 
are (up to isomorphism) the non-isomorphic quasimodules C[ and C2 (see 12.4). 
These two quasimodules are anti-isomorphic. 

Proof. The first assertion follows by easy combination of 7.7 and 11.11. Now, let 
Q be a non-associative cocyclic R2-quasimodule of order 729. By 7.7, there exists 
a ternary algebra A (= A{+,rx,T)) such that Q = q(A), r ^ 0, the module A' = 
A{+,rx) is cocyclic and iT-torsion, and gen{A') > 3. By 11.15, we have A' ~ Pg ^ 
and we can assume that A' = P3 1 (see 11.13). We have 27u = 9v = 3w = 0, 
(1 + x) • u = 0, (1 + x) ■ V = 3u, (1 + x) ■ w = 3v and, since Q is cocyclic and 
9Q is a non-trivial normal subquasimodule of Q, we also have A{Q) C 9Q and 
[u, V, w] e {9u, 18u}. The subquasimodule P of Q generated by {u, v, w} is non- 
associative and cocyclic, hence |P| > 729 and necessarily P = Q. Now, it follows 
from 12.5.1 that Q is a homomorphic image of C[ or C2, and consequently either 
Q ~ or Q ~ €'2. Finally, C[ and C!^ are not isomorphic (12.4.2) but they are 
anti-isomorphic (12.4.3; see also 12.4.4). □ 

12.7 Define two binary operations Vi V2 on C by a Vi & = x • a ® (1 — x) • 
b = (26a(0) + 3a(l), 8a(l) + 3a(2), 2a(2)) ® (26(0) + 246(1), 26(1) + 66(2), 26(2)) = 
(26a(0) + 3a(l) + 26(0) + 246(1) + 18a(0)a(2)6(l) + 9o(0)6(l)6(2) + 9a(l)a(2)6(0)+ 
18a(l)6(0)6(2),8a(l) + 3a(2) + 26(1) + 66(2), 2a(2) + 26(2)) and a V2 & = x- (1 - 
x)-6= (26a(0) + 3a(l),8a(l) + 3a(2),2a(2))K (26(0) + 246(1), 26(1) + 66(2), 26(2)) = 
(26a(0) + 3a(l) + 26(0) + 246(1) + 9a(0)a(2)6(l) + 18a(0)6(l)6(2) + 18a(l)a(2)6(0) + 
9a(l)6(0)6(2),8a(l) + 3a(2) + 26(1) + 66(2), 2a(2) + 26(2)) for all a,beC; we have 
a V2 ^ = (a Vi ^) - Ti{a,b,a - 6) = (aVi) + T2{a,b,a - 6) and C(vi) = 2^2(v) 
(see 3.2). The permutation ^ of C is an anti-isomorphism of C(vi) onto C(v2), i-e. 
^{a vi 6) = ^(6) V2 ^(a) for all a,beC (see 12.2.3 and 12.4.3). 

12.8 Theorem, (i) Every non-medial hamiltonian distributive quasigroup has at 
least 729 elements. 

(ii) C(vi) and C(v2) are (up to isomorphism) the only non-medial hamiltonian 
distributive quasigroups of order 729; these two quasigroups are not isomorphic, 

but they are anti isomorphic. 

Proof. Combine 7.7, 9.1, 9.2, 9.3, 12.6 and 12.7. □ 

12.9 Remark. The preceding theorem says that up to usual equivalences (as 
isomorphism and parastrophy) there exists only one non-medial hamiltonian dis- 
tributive quasigroup of order 729, which is the smallest possible order for such 
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a structure. The mapping a ^ (18a(0)-'^ + 9a(0)2a(l) + 18a(0)a(l)2 + lOa(O), a(0) + 
8a(l), a(0)+a(l) + a(2)) is an anti-isomorphism of C(Vi) onto C(V2), and so C(V2) 
is isomorphic to the opposite quasigroup C(Vi)- 

12.10 Remark. Using 12.4.5 (and also 12.4.4 and 12.9), we come to the following 

isomorphisms for the parastrophes of the quasigroups C(Vi) and C(V2): C(V2) — 
^ C(vi)-^ ^ -'C(vi), C(vi) ^ C(V2)-^ ^ -'C(V2). 
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